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Foreword

Teaching mathematics in prekindergarten-grade 12 requires a spe-
cial understanding of mathematics. Effective teachers of mathemat-
ics think about and beyond the content that they teach, seeking
explanations and making connections to other topics, both inside
and outside mathematics. Students meet curriculum and achieve-
ment expectations when they work with teachers who know what
mathematics is important for each topic that they teach.

The National Council of Teachers of Mathematics (NCTM) pres-
ents the Essential Understanding Series in tandem with a call to
focus the school mathematics curriculum in the spirit of Curriculum
Focal Points for Prekindergarten through Grade 8 Mathematics: A
Quest for Coherence, published in 2006, and Focus in High School
Mathematics: Reasoning and Sense Making, released in 2009. The
Essential Understanding books are a resource for individual teach-
ers and groups of colleagues interested in engaging in mathematical
thinking to enrich and extend their own knowledge of particular
mathematics topics in ways that benefit their work with students.
The topic of each book is an area of mathematics that is difficult
for students to learn, challenging to teach, and critical for students’
success as learners and in their future lives and careers.

Drawing on their experiences as teachers, researchers, and
mathematicians, the authors have identified the big ideas that are
at the heart of each book’s topic. A set of essential understandings—
mathematical points that capture the essence of the topic—fleshes
out each big idea. Taken collectively, the big ideas and essential
understandings give a view of a mathematics that is focused, con-
nected, and useful to teachers. Links to topics that students encoun-
ter earlier and later in school mathematics and to instruction and
assessment practices illustrate the relevance and importance of a
teacher’s essential understanding of mathematics.

On behalf of the Board of Directors, I offer sincere thanks and
appreciation to everyone who has helped to make this series pos-
sible. I extend special thanks to Rose Mary Zbiek for her leadership
as series editor. I join the Essential Understanding project team in
welcoming you to these books and in wishing you many years of
continued enjoyment of learning and teaching mathematics.

Henry Kepner
President, 2008-2010
National Council of Teachers of Mathematics







Preface

From prekindergarten through grade 12, the school mathematics
curriculum includes important topics that are pivotal in students’
development. Students who understand these ideas cross smoothly
into new mathematical terrain and continue moving forward with
assurance.

However, many of these topics have traditionally been chal-
lenging to teach as well as learn, and they often prove to be barriers
rather than gateways to students’ progress. Students who fail to get
a solid grounding in them frequently lose momentum and struggle
in subsequent work in mathematics and related disciplines.

The Essential Understanding Series identifies such topics at all
levels. Teachers who engage students in these topics play critical
roles in students’ mathematical achievement. Each volume in the
series invites teachers who aim to be not just proficient but out-
standing in the classroom—teachers like you—to enrich their under-
standing of one or more of these topics to ensure students’ contin-
ued development in mathematics.

How much do you need to know?

To teach these challenging topics effectively, you must draw on a
mathematical understanding that is both broad and deep. The chal-
lenge is to know considerably more about the topic than you expect
your students to know and learn.

Why does your knowledge need to be so extensive? Why must
it go above and beyond what you need to teach and your students
need to learn? The answer to this question has many parts.

To plan successful learning experiences, you need to under-
stand different models and representations and, in some cases,
emerging technologies as you evaluate curriculum materials and
create lessons. As you choose and implement learning tasks, you
need to know what to emphasize and why those ideas are math-
ematically important.

While engaging your students in lessons, you must anticipate
their perplexities, help them avoid known pitfalls, and recognize
and dispel misconceptions. You need to capitalize on unexpected
classroom opportunities to make connections among mathematical
ideas. If assessment shows that students have not understood the
material adequately, you need to know how to address weaknesses
that you have identified in their understanding. Your understanding
must be sufficiently versatile to allow you to represent the math-
ematics in different ways to students who don’t understand it the
first time.

Vii
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In addition, you need to know where the topic fits in the full
span of the mathematics curriculum. You must understand where
your students are coming from in their thinking and where they are
heading mathematically in the months and years to come.

Accomplishing these tasks in mathematically sound ways is
a tall order. A rich understanding of the mathematics supports the
varied work of teaching as you guide your students and keep their
learning on track.

How can the Essential Understanding Series help?

The Essential Understanding books offer you an opportunity to
delve into the mathematics that you teach and reinforce your con-
tent knowledge. They do not include materials for you to use direct-
ly with your students, nor do they discuss classroom management,
teaching styles, or assessment techniques. Instead, these books focus
squarely on issues of mathematical content—the ideas and under-
standing that you must bring to your preparation, in-class instruc-
tion, one-on-one interactions with students, and assessment.

How do the authors approach the topics?

For each topic, the authors identify “big ideas” and “essential un-
derstandings.” The big ideas are mathematical statements of over-
arching concepts that are central to a mathematical topic and link
numerous smaller mathematical ideas into coherent wholes. The
books call the smaller, more concrete ideas that are associated with
each big idea essential understandings. They capture aspects of the
corresponding big idea and provide evidence of its richness.

The big ideas have tremendous value in mathematics. You
can gain an appreciation of the power and worth of these densely
packed statements through persistent work with the interrelated es-
sential understandings. Grasping these multiple smaller concepts
and through them gaining access to the big ideas can greatly in-
crease your intellectual assets and classroom possibilities.

In your work with mathematical ideas in your role as a teacher,
you have probably observed that the essential understandings are
often at the heart of the understanding that you need for present-
ing one of these challenging topics to students. Knowing these ideas
very well is critical because they are the mathematical pieces that
connect to form each big idea.

How are the books organized?

Every book in the Essential Understanding Series has the same
structure:

e The introduction gives an overview, explaining the reasons
for the selection of the particular topic and highlighting some
of the differences between what teachers and students need
to know about it.
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e Chapter 1 is the heart of the book, identifying and examining
the big ideas and related essential understandings.

e Chapter 2 reconsiders the ideas discussed in chapter 1 in
light of their connections with mathematical ideas within
the grade band and with other mathematics that the students
have encountered earlier or will encounter later in their study
of mathematics.

e Chapter 3 wraps up the discussion by considering the chal-
lenges that students often face in grasping the necessary
concepts related to the topic under discussion. It analyzes the
development of their thinking and offers guidance for pre-
senting ideas to them and assessing their understanding.

The discussion of big ideas and essential understandings in
chapter 1 is interspersed with questions labeled “Reflect.” It is im-
portant to pause in your reading to think about these on your own
or discuss them with your colleagues. By engaging with the material
in this way, you can make the experience of reading the book par-
ticipatory, interactive, and dynamic.

Reflect questions can also serve as topics of conversation
among local groups of teachers or teachers connected electronically
in school districts or even between states. Thus, the Reflect items
can extend the possibilities for using the books as tools for formal
or informal experiences for in-service and preservice teachers, indi-
vidually or in groups, in or beyond college or university classes.

A new perspective

The Essential Understanding Series thus is intended to support you
in gaining a deep and broad understanding of mathematics that
can benefit your students in many ways. Considering connections
between the mathematics under discussion and other mathematics
that students encounter earlier and later in the curriculum gives the
books unusual depth as well as insight into vertical articulation in
school mathematics.

The series appears against the backdrop of Principles and
Standards for School Mathematics (NCTM 2000), Curriculum Focal
Points for Prekindergarten through Grade 8 Mathematics: A Quest
for Coherence (NCTM 2006), Focus in High School Mathematics:
Reasoning and Sense Making (NCTM 2009), and the Navigations
Series (NCTM 2001-2009). The new books play an important role,
supporting the work of these publications by offering content-based
professional development.

The other publications, in turn, can flesh out and enrich the
new books. After reading this book, for example, you might select
hands-on, Standards-based activities from the Navigations books
for your students to use to gain insights into the topics that the
Essential Understanding books discuss. If you are teaching students

sto
reflecr’:

marks an “Reflect
question that
appears on a
different page.
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in prekindergarten through grade 8, you might apply your deeper
understanding as you present material related to the three focal
points that Curriculum Focal Points identifies for instruction at your
students’ level. Or if you are teaching students in grades 9-12, you
might use your understanding to enrich the ways in which you can
engage students in mathematical reasoning and sense making as
presented in Focus in High School Mathematics.

An enriched understanding can give you a fresh perspective
and infuse new energy into your teaching. We hope that the under-
standing that you acquire from reading the book will support your
efforts as you help your students grasp the ideas that will ensure
their mathematical success.

The authors wish to thank their reviewers for their insightful con-
tributions to this volume. They are especially grateful to Daniel
Chazan and Rheta Rubenstein for their contributions.



Introduction

This book focuses on ideas about expressions, equations, and func-
tions. These are ideas that you need to understand thoroughly and
be able to use flexibly to be highly effective in your teaching of
mathematics in grades 6-8. The book discusses many mathematical
ideas that are common in middle school curricula, and it assumes
that you have had a variety of mathematics experiences that have
motivated you to delve into—and move beyond—the mathematics
that you expect your students to learn.

The book is designed to engage you with these ideas, helping
you to develop an understanding that will guide you in planning
and implementing lessons and assessing your students’ learning in
ways that reflect the full complexity of expressions, equations, and
functions. A deep, rich understanding of ideas about these concepts
will enable you to communicate their influence and scope to your
students, showing them how these ideas permeate the mathemat-
ics that they have encountered—and will continue to encounter—
throughout their school mathematics experiences.

The understanding of expressions, equations, and functions
that you gain from this focused study thus supports the vision of
Principles and Standards for School Mathematics (NCTM 2000):
“Imagine a classroom, a school, or a school district where all stu-
dents have access to high-quality, engaging mathematics instruc-
tion” (p. 3). This vision depends on classroom teachers who “are
continually growing as professionals” (p. 3) and routinely engage
their students in meaningful experiences that help them learn
mathematics with understanding.

Why Expressions, Equations, and
Functions?

Like the topics of all the volumes in NCTM'’s Essential
Understanding Series, expressions, equations, and functions com-
pose a major area of school mathematics that is crucial for students
to learn but challenging for teachers to teach. Students in grades
6-8 need to understand algebraic ideas well if they are to succeed
in these grades and in their subsequent mathematics experiences.
Learners often struggle with ideas about expressions, equations,
and functions. Why do some equations have one solution, others
two or even more solutions, and some no solutions? The impor-
tance of understanding how the properties of equality can be used
in different orders and the challenge of transforming expressions
and equations fluently make it essential for teachers of grades 6-8
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to understand expressions, equations, and functions extremely well
themselves.

Your work as a teacher of mathematics in these grades calls
for a solid understanding of the mathematics that you—and your
school, your district, and your state curriculum—expect your stu-
dents to learn about expressions, equations, and functions. Your
work also requires you to know how this mathematics relates to
other mathematical ideas that your students will encounter in the
lesson at hand, the current school year, and beyond. Rich math-
ematical understanding guides teachers’ decisions in much of their
work, such as choosing tasks for a lesson, posing questions, select-
ing materials, ordering topics and ideas over time, assessing the
quality of students’ work, and devising ways to challenge and sup-
port their thinking.

Understanding Expressions, Equations,
and Functions

Teachers teach mathematics because they want others to understand
it in ways that will contribute to success and satisfaction in school,
work, and life. Helping your students develop a robust and lasting
understanding of expressions, equations, and functions requires that
you understand this mathematics deeply. But what does this mean?

It is easy to think that understanding an area of mathemat-
ics, such as expressions, equations, and functions, means knowing
certain facts, being able to solve particular types of problems, and
mastering relevant vocabulary. For example, as a teacher in the
middle grades, you are expected to know with certainty that the
same number can be added to both sides of an equation without
affecting the equivalence of the expressions on either side of the
equals sign. You are also expected to be skillful in solving linear
equations and inequalities. Your mathematical vocabulary is as-
sumed to include such terms as variable, solution, domain, quadratic
formula, and rate of change.

Obviously, facts, vocabulary, and techniques for solving cer-
tain types of problems are not all that you are expected to know
about expressions, equations, and functions. For example, in your
ongoing work with students, you have undoubtedly discovered that
you need not only to know common techniques for solving linear
questions but also to be able to follow strategies that your students
create.

It is also easy to focus on a very long list of mathematical
ideas that all teachers of mathematics in grades 6-8 are expected
to know and teach about expressions, equations, and functions.
Curriculum developers often devise and publish such lists. However
important the individual items might be, these lists cannot capture
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the essence of a rich understanding of the topic. Understanding ex-
pressions, equations, and functions deeply requires you not only to
know important mathematical ideas but also to recognize how these
ideas relate to one another. Your understanding continues to grow
with experience and as a result of opportunities to embrace new
ideas and find new connections among familiar ones.

Furthermore, your understanding of expressions, equations,
and functions should transcend the content intended for your stu-
dents. Some of the differences between what you need to know
and what you expect them to learn are easy to point out. For in-
stance, your understanding of the topic should include a grasp of
procedures for solving logarithmic and exponential equations—
mathematics that your students will encounter later but do not yet
understand.

Other differences between the understanding that you need to
have and the understanding that you expect your students to ac-
quire are less obvious, but your experiences in the classroom have
undoubtedly made you aware of them at some level. For example,
how many times have you been grateful to have an understanding
of expressions, equations, and functions that enables you to recog-
nize the merit in a student’s unanticipated mathematical question
or claim? How many other times have you wondered whether you
could be missing such an opportunity or failing to use it to full ad-
vantage because of a gap in your knowledge?

As you have almost certainly discovered, knowing and being
able to do familiar mathematics are not enough when you’re in the
classroom. You also need to be able to identify and justify or refute
novel claims. These claims and justifications might draw on ideas
or techniques that are beyond the mathematical experiences of your
students and current curricular expectations for them. For example,
you may need to be able to refute the often-asserted, erroneous
claim that a function is an equation. Or you may need to explain
to a student why we sometimes need to “switch” the direction of an
inequality symbol.

Big Ideas and Essential Understandings

Thinking about the many particular ideas that are part of a rich
understanding of expressions, equations, and functions can be an
overwhelming task. Articulating all of those mathematical ideas
and their connections would require many books. To choose which
ideas to include in this book, the authors considered a critical ques-
tion: What is essential for teachers of mathematics in grades 6-8

to know about expressions, equations, and functions to be effective
in the classroom? To answer this question, the authors drew on a
variety of resources, including personal experiences, the expertise
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of colleagues in mathematics and mathematics education, and the
reactions of reviewers and professional development providers, as
well as ideas from curricular materials and research on mathematics
learning and teaching.

As a result, the mathematical content of this book focuses on
essential ideas for teachers about expressions, equations, and func-
tions. In particular, chapter 1 is organized around five big ideas
related to this important area of mathematics. Each big idea is sup-
ported by smaller, more specific mathematical ideas, which the book
calls essential understandings.

Benefits for Teaching, Learning, and
Assessing

Understanding expressions, equations, and functions can help you
implement the Teaching Principle enunciated in Principles and
Standards for School Mathematics. This Principle sets a high stan-
dard for instruction: “Effective mathematics teaching requires un-
derstanding what students know and need to learn and then chal-
lenging and supporting them to learn it well” (NCTM 2000, p. 16).
As in teaching about other critical topics in mathematics, teaching
about expressions, equations, and functions requires knowledge that
goes “beyond what most teachers experience in standard preservice
mathematics courses” (p. 17).

Chapter 1 comes into play at this point, offering an overview
of the topic that is intended to be more focused and comprehensive
than many discussions that you are likely to have encountered. This
chapter enumerates, expands on, and gives examples of the big
ideas and essential understandings related to expressions, equations,
and functions, with the goal of supplementing or reinforcing your
understanding. Thus, chapter 1 aims to prepare you to implement
the Teaching Principle fully as you provide the support and chal-
lenge that your students need for robust learning about expressions,
equations, and functions.

Consolidating your understanding in this way also prepares
you to implement the Learning Principle outlined in Principles and
Standards: “Students must learn mathematics with understand-
ing, actively building new knowledge from experience and prior
knowledge” (NCTM 2000, p. 20). To support your efforts to help
your students learn about the concepts in this way, chapter 2 builds
on the understanding of these operations that chapter 1 commu-
nicates by pointing out specific ways in which the big ideas and
essential understandings connect with mathematics that students
typically encounter earlier or later in school. This chapter supports
the Learning Principle by emphasizing longitudinal connections in
students’ learning about expressions, equations, and functions. For
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example, as their mathematical experiences expand, students gradu-
ally develop an understanding of how the solution methods that
they use with linear equations have parallels in methods for solving
other types of equations, and they become fluent in using different
approaches to solve equations.

The understanding that chapters 1 and 2 convey can strength-
en another critical area of teaching. Chapter 3 addresses this area,
building on the first two chapters to show how an understanding
of expressions, equations, and functions can help you select and
develop appropriate tasks, techniques, and tools for assessing your
students’ understanding of expressions, equations, and functions.
An ownership of the big ideas and essential understandings related
to expressions, equations, and functions, reinforced by an under-
standing of students’ past and future experiences with related ideas,
can help you ensure that assessment in your classroom supports the
learning of significant mathematics.

Such assessment satisfies the first requirement of the Assess-
ment Principle set out in Principles and Standards: “Assessment
should support the learning of important mathematics and furnish
useful information to both teachers and students” (NCTM 2000,

p- 22). An understanding of expressions, equations, and functions
can also help you satisfy the second requirement of the Assessment
Principle, by enabling you to develop assessment tasks that give
you specific information about what your students are thinking
and what they understand. For example, you might ask students

to decide whether the values in the table in figure 0.1 represent a
linear pattern. Would they be able to explain that the values do not
represent a linear pattern, because the change in the perimeter is
not constant for each unit of change in the number of the term in
the pattern?

Term in a pattern Perimeter of the shape (cm)
1 0
3 10
4 20
6 30

Fig. 0.1. A table showing the perimeters of shapes in a growing
pattern

Ready to Begin

This introduction has painted the background, preparing you for the
big ideas and associated essential understandings related to expres-
sions, equations, and functions that you will encounter and explore
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in chapter 1. Reading the chapters in the order in which they appear
can be a very useful way to approach the book. Read chapter 1 in
more than one sitting, allowing time for reflection. Take time also
to use a graphing calculator or other mathematical tools with items
that recommend technology use. Absorb the ideas—both big ideas
and essential understandings—related to expressions, equations,

and functions. Appreciate the connections among these ideas. Carry
your newfound or reinforced understanding to chapter 2, which
guides you in seeing how the ideas related to expressions, equa-
tions, and functions are connected to the mathematics that your
students have encountered earlier or will encounter later in school.
Then read about teaching, learning, and assessment issues in
chapter 3.

Alternatively, you may want to take a look at chapter 3 before
engaging with the mathematical ideas in chapters 1 and 2. Having
the challenges of teaching, learning, and assessment issues clearly
in mind, along with possible approaches to them, can give you a
different perspective on the material in the earlier chapters.

No matter how you read the book, let it serve as a tool to
expand your understanding, application, and enjoyment of
expressions, equations, and functions.



Chapter

Expressions, Equations,

and Functions:
The Big Ideas and Essential
Understandings

This book explores essential understandings about expressions,
equations, and functions for teaching mathematics in grades 6-8.
As a way to explore these mathematical ideas, we anchor our dis-
cussion in a familiar context. Many middle school teachers are
asked to take on extra responsibilities as advisers to student groups
and clubs in their schools. Imagine that you have been asked to ad-
vise a student service club during the school year. Part of your role
as advisor is to help the students choose local charities for the club
to support, and then to assist the students in planning and imple-
menting fundraisers for these organizations. Suppose that you and
your students have decided to plan a fundraiser each quarter, and
you have selected as your four events a 5K run, a dance-a-thon, an
intramural soccer game, and a T-shirt sale. Reflect 1.1 invites you to
think about the variety of mathematical quantities, expressions, and
relationships that might be involved in these fundraising situations.

Reflect 1.1

Suppose that you are advising a student service club that is planning four
fundraisers: a 5K run, a dance-a-thon, a soccer game, and a T-shirt sale. What
quantities might you and your student club members think about for each of
these fundraisers? What are some mathematical expressions that might help
in reasoning about aspects of these fundraisers? What relationships between
quantities might require investigation?

In planning a 5K run, for example, some quantities to think
about would be the number of participants, the rate at which the
participants are likely to run, and the amount of money that each
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runner might be able to collect. For the T-shirt sale, you and the
club members might consider expenditures for purchasing the
T-shirts and having them printed, and then you might weigh these
costs against the expected profit, depending on how much the club
members charge for the T-shirts at the sale. Planning the soccer
game would involve considering the number of tickets that club
members might sell, how much they might charge for adults and
children, and so on. In many of these cases, profit is a quantity
that links the number of items sold (the number of T-shirts or soc-
cer game tickets) to the amount of money the group might earn for
their charities. As we will explore later, students in the club might,
for example, purchase T-shirts for $5 each and pay an additional $3
apiece for silk screening. If x represents the number of T-shirts pur-
chased, then the expression 8x can represent the club’s correspond-
ing expenditures in dollars.

These examples place us squarely in the realm of algebra.
Algebra is an important area of mathematics that provides concepts
and tools that allow us to describe, analyze, and understand many
situations and relationships, both in mathematics and in the real
world. This book explores five big ideas in algebra that are particu-
larly relevant to the teaching of mathematics in grades 6-8. The
book’s intended audience is middle school mathematics teachers,
and its focus is on providing teachers with experiences that will al-
low them to explore and discuss the five big ideas. Although the
mathematics that teachers need to know overlaps the mathematics
that students need to learn, this book does not present a set of cur-
ricular standards such as those set forth in Principles and Standards
for School Mathematics (NCTM 2000), the Common Core State
Standards for Mathematics (Common Core State Standards Initiative
[CCSSI] 2010), or state and district standards. Rather, it offers op-
portunities for you to “unpack” five big ideas and develop deeper,
more interconnected understandings of expressions, equations, and
functions so that you can support students’ learning about these
important mathematical ideas:

Blg Idea 1. EXpI’ESSiOhS. Expressions are foundational for
algebra; they serve as building blocks for work with equations and
functions.

Blg Idea 2. Variables. variables are tools for expressing
mathematical ideas clearly and concisely. They have many different
meanings, depending on context and purpose.

Blg Idea 3. Equality. The equals sign indicates that two ex-
pressions are equivalent. It can also be used in defining or naming a
single expression or function rule.
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Big Idea 4. Representing and analyzing functions.
Functions provide a means for describing and understanding re-
lationships between variables. They can have multiple representa-
tions—in algebraic symbols, situations, graphs, verbal descriptions,
tables, and so on—and they can be classified into different families
with similar patterns of change.

Big Idea 5. Solving equations. General algorithms exist
for solving many kinds of equations; these algorithms are broadly
applicable for solving a wide range of similar equations. However,
for some problems or situations, alternatives to these general algo-
rithms may be more elegant, efficient, or informative.

Note the use of the word situation in Big Ideas 4 and 5. In this
book, situations include both experientially “real” circumstances
that students explore concretely and immediately (for example, by
working with algebra tiles) and circumstances in stated problems
that are based on situations from everyday life.

Each of the five big ideas listed above is supported by a num-
ber of “essential understandings.” By exploring and grasping the re-
lated essential understandings, we can develop a rich and coherent
sense of each big idea.

Big Idea 1. Expressions

Essential Understanding 1a. Expressions are powerful tools for
exploring, reasoning about, and representing situations.

Essential Understanding 1b. Two or more expressions may be
equivalent, even when their symbolic forms differ.

Essential Understanding 1c. A relatively small number of sym-
bolic transformations can be applied to expressions to yield
equivalent expressions.

Big Idea 2. Variables

Essential Understanding 2a. Variables have many different
meanings, depending on context and purpose.

Essential Understanding 2b. Using variables permits writing ex-
pressions whose values are not known or vary under different
circumstances.

Essential Understanding 2c. Using variables permits represent-
ing varying quantities. This use of variables is particularly im-
portant in studying relationships between varying quantities.

@
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Big Idea 3. Equality

Essential Understanding 3a. The equals sign can indicate that
two expressions are equivalent.

Essential Understanding 3b. The equals sign can be used in
defining or giving a name to an expression or function rule.

Essential Understanding 3c. It is often important to find the
value(s) of a variable for which two expressions represent the
same quantity.

Essential Understanding 3d. Finding the value(s) of a variable
for which two expressions represent the same quantity is known
as solving an equation.

Essential Understanding 3e. An inequality is another way to de-
scribe a relationship between expressions; instead of showing
that the values of two expressions are equal, inequalities indi-
cate that the value of one expression is greater than (or greater
than or equal to) the value of the other expression.

Essential Understanding 3f. In solving an inequality, multiply-
ing or dividing both expressions by a negative number reverses
the sign (<, >, <, >) that indicates the relationship between the
two expressions.

Big Idea 4. Representing and analyzing functions

Essential Understanding 4a. Functions provide a tool for de-
scribing how variables change together. Using a function in
this way is called modeling, and the function is called a model.

Essential Understanding 4b. Functions can be represented in
multiple ways—in algebraic symbols, situations, graphs, ver-
bal descriptions, tables, and so on—and these representations,
and the links among them, are useful in analyzing patterns of
change.

Essential Understanding 4c. One important way of describ-
ing functions is by identifying the rate at which the variables
change together. It is useful to group functions into fami-
lies with similar patterns of change because these functions,
and the situations that they model, share certain general
characteristics.

Essential Understanding 4d. Some representations of a function
may be more useful than others, depending on how they are
used.
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Essential Understanding 4e. Linear functions have constant
rates of change.

Essential Understanding 4f. Quadratic functions are character-
ized by rates of change that change at a constant rate.

Essential Understanding 4g. In exponential growth, the rate of
change increases over the domain, but in exponential decay,
the rate of change decreases over the domain.

Big Idea 5. Solving equations

Essential Understanding 5a. A general algorithm exists for solv-
ing linear equations. This algorithm is broadly applicable and
reasonably efficient.

Essential Understanding 5b. Linear equations can be solved by
symbolic, graphical, and numerical methods. On some occa-
sions and in some contexts, one solution method may be more
elegant, efficient, or informative than another.

Essential Understanding 5¢. Quadratic equations can be solved
by using graphs and tables and by applying an algorithm
that involves completing the square. This algorithm, when
expressed in a more compact form, is also known as the
quadratic formula.

These big ideas and essential understandings are identified
here to give you a quick overview and for your convenience in
referring back to them later. The chapter will discuss each one in
turn in detail.

@
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Expressions as Building Blocks:
Big Idea 1

Big Idea 1. Expressions are foundational for algebra; they serve as
building blocks for work with equations and functions.

An algebraic expression is a mathematical phrase made up of one
or more numbers or variables or operations on them. An expression
represents a quantity, which is known as the value of the expres-
sion. Reflect 1.2 encourages you to begin thinking about the ways
that you and your students work with expressions in middle school
mathematics classes.

Reflect 1.2

What kinds of expressions do your students work with in your mathematics
class? How are expressions in elementary school different from expressions in
middle school?

Sometimes an expression clearly indicates a number, such as
the expression 4 or 5 + 3. In other cases, an expression may rep-
resent a quantity whose numerical value is not known, such as
the expression 2x, 7x + 2y, or 4a — 7. Many students enter middle
school having worked primarily with numerical expressions. In
algebra, expressions are powerful tools for representing and analyz-
ing relationships more generally, and this work is fundamentally
what algebra is all about.

Exploring, reasoning about, and
representing situations

Essential Understanding 1a. Expressions are powerful tools for
exploring, reasoning about, and representing situations.

Returning to the hypothetical context of the student service club,
consider expressions that you, as advisor, and your club members
might write for use in exploring and reasoning about one of your
upcoming fundraisers—a T-shirt sale. Imagine that the club can buy
T-shirts for $4 each, and (since this is a fundraiser) the members
plan to sell the shirts for $10 each. Let x stand for the number of
T-shirts that the club sells at the T-shirt sale. The expression 4x
could then stand for the cost in dollars of purchasing x T-shirts, and
the expression 10x could stand for the amount of money in dollars
that the club would take in from selling x T-shirts. How might these
expressions be useful in understanding this situation? Reflect 1.3
asks you to consider this question.
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Reflect 1.3

Suppose that in planning a T-shirt fundraiser, you and the students in your
service club use the expression 4x to stand for the cost, in dollars, that the
club must spend to purchase x T-shirts and the expression 10x to stand for the
amount, in dollars, that the club will take in from selling the shirts. How might
you and the club members represent these different expressions to understand
the situation better, including how much money the club might spend and take
in from the T-shirt sale?

You and the students in your club could explore this situation
by displaying these expressions in various representations, particu-
larly graphs and tables. For example, the table in figure 1.1 shows
the purchase cost and the money that the club would receive from
the sale of various numbers of T-shirts.

10x (amount, in

x (number of
T-shirts sold)

4x (cost, in dollars, of
purchasing x T-shirts)

dollars, received from
selling x T-shirts)

1 4(1), or $4 10(1), or $10

5 4(5), or $20 10(5), or $50
50 4(50), or $200 10(50), or $500
100 4(100), or $400 10(100), or $1000

Fig. 1.1. The purchase cost and money received from the sale of vari-
ous numbers of T-shirts purchased for $4 each and sold for $10 each

You could also graph these expressions as another way to
explore the situation. For example, the graph in figure 1.2 shows
the ordered pairs (x, 4x), with the horizontal axis representing the
number of T-shirts that the club purchases and the vertical axis
representing the cost of purchasing x T-shirts.

Graphs are particularly useful for exploring mathematical fea-
tures of situations such as this one. You and the members of your
club could make a number of observations on the basis of this
graph. First, the point (0, 0) is on the graph, so purchasing zero
T-shirts costs $0. Second, no points are plotted for negative values
of x; in the T-shirt sale context, purchasing negative numbers of
T-shirts does not make sense. Third, for each additional T-shirt
purchased, the total cost increases by a constant amount, which is
$4. In Reflect 1.4, consider how you might write different expres-
sions for the club’s profit in the T-shirt sale.
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Cost (dollars)

Number of T-Shirts Purchased

Fig. 1.2. A graph of the relationship between the number of T-shirts
purchased and the cost (at $4 for each T-shirt)

Reflect 1.4

In planning the T-shirt sale, you and the students in your service club could
write your expected profit as 10x - 4x or as 6x. Explain what each of these
expressions would mean and why each expression would make sense in the

Note that for a single context, we can often write many dif-
ferent expressions that are equivalent. Let’s consider expressions
for describing the service club’s profit for selling x T-shirts at the
T-shirt sale. One way to consider profit would be to take the total
revenue (how much money the club will take in at the T-shirt sale)
and subtract the total expenditure (how much money the club has
to spend to purchase the T-shirts). If the revenue is 10x and the
expenditure is 4., then we can write the expression 10x - 4.x to rep-
resent the club’s profit. Another, equivalent way to think about the
profit is to consider that if each T-shirt costs the club $4 and is sold
for $10, the club makes a profit of $6 for every T-shirt that it sells.
If the club sells x T-shirts, an expression that we can write for its
profit is 6x. Thus, by reasoning through this context, we have
generated two different expressions for the profit: 10x - 4x and 6..
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Equivalent expressions

Essential Understanding 1b. Two or more expressions may be equiva-
lent, even when their symbolic forms differ.

Two or more expressions are called equivalent if they have the same
value, regardless of what number is consistently substituted for all
instances of a particular variable. In the example of the hypothetical
service club that is planning a T-shirt sale as a fundraiser, we were
able to reason about the context to write two different but equiva-
lent expressions for profit, 10x - 4., and 6x, for all whole numbers
x. Even though these two expressions have different symbolic
forms, they represent the same quantity when each variable in both
expressions has the same value. In such a case, both expressions
have the same value no matter how many T-shirts the service club
sells, so the two expressions are equivalent. Consider Reflect 1.5, in
which two expressions with different symbolic forms represent the
same quantity.

Reflect 1.5

-

The use of algebraic
symbols, like any
generalizing process,
involves appropri-
ate domains. See
Developing Essential
Understanding of
Algebraic Thinking
for Teaching
Mathematics in
Grades 3-5 (Blanton
et al. 2011) for
additional discussion
of domain and its
role in reasoning.

Suppose that in planning a dance-a-thon as one quarter's fundraiser, your ser-

vice club members decide to set up tables where participants can rest and enjoy
refreshments while watching the dancers. The tables will be organized in long
rectangles along the walls of the dance floor, with the long rectangles made

up of smaller rectangular tables. Suppose that you and your students make a
diagram like that in figure 1.3 to show the arrangement of n tables, with O
indicating a seat for a single person and "“..." indicating that n varies. How many
people can be seated at a table made up of n smaller rectangular tables? One
way that you and your service club members might describe this situation is

by writing the expression 2 - 2n + 1 + 1. Another is by writing the expression
4(n - 2) + 10. Explain what each of these expressions means in relation to the
arrangement in figure 1.3.

Fig. 1.3. Arrangement of tables and chairs at the dance-a-thon

You and the students in your service club might describe the

situation by noticing that there are two pairs of seats facing the
dance floor at each of the n tables (2 - 2n), and there is one seat
at each end of the long rectangle of tables (1 + 1). This thinking
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could lead to writing the expression 2 « 2n + 1 + 1 for the num-
ber of seats. Alternatively, you might describe the number of seats
by writing the expression 4 - (n - 2) + 10 because there are n - 2
tables with 4 seats each, and there are a total of 10 additional seats
at the two end tables. In many situations, including this one, there
are different ways to write an expression, depending on how one
thinks about the situation. This notion is expressed in Essential
Understanding 1b.

It is often important to determine whether two or more expres-
sions are equivalent. Many times, equivalence or nonequivalence
is not immediately clear. In such cases, there are a number of ways
to determine whether two expressions have the same value when
any variable that appears in both has the same value in every ap-
pearance. Sometimes (as in the case of a real-world problem such as
that involving the T-shirt profit), it is possible to reason about the
context to determine whether two or more expressions are equiva-
lent. However, in other cases, determining the equivalence of two
expressions is not so straightforward. Yet, even in these circum-
stances, we can investigate whether two expressions are equivalent
in a number of ways.

First, we can substitute the same value for the each instance of
a particular variable in each expression and see if both expressions
yield the same quantity. For example, let’s continue to consider the
expressions 10x - 4x and 6x. One way to explore whether these are
equivalent expressions is to make a table and substitute values for
x in each expression, as shown in the table in figure 1.4. Because
both expressions appear to have the same value for each value of
the variable x, we might conjecture that these two expressions are
equivalent.

Value of expression
Value of x 10x - 4x Value of expression 6x
0 10(0) - 4(0), or 0 6(0), or 0
1 10(1) - 4(1), or 6 6(1), or 6
2 10(2) - 4(2), or 12 6(2), or 12
3 10(3) - 4(3), or 18 6(3), or 18

Fig. 1.4. Values of the expressions 10x — 4x and 6x for a few values
of the variable x

Let’s consider another example—one that does not give us a
real-world context about which to reason. Consider the expressions
3(x + 4) and 3x + 12 and the table shown in figure 1.5. As in the
previous example, because both expressions have the same value
when x has the same value in both, we might conjecture that these
two expressions are equivalent.
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Value of x Value of expression 3(x + 4) Value of expression 3x + 12
0 3(0 + 4), or 12 3(0) + 12, 0r 12
1 3(1 + 4),0r 15 3(1) + 12, 0r 15
2 3(2 + 4),0r 18 3(2) + 12, 0r 18
3 3(3 + 4), or 21 3(3) + 12, or 21

Fig. 1.5. Values of the expressions 3(x + 4) and 3x + 12 for a few values of the variable x

It is important to note that two such expressions are equivalent
only if they have the same value for all values of the variable x. In
the two examples above, the expressions have the same value when
xis 0, 1, 2, or 3. But is this true for all other values of x? In some
cases, two expressions may appear to represent the same quantity
when the same value is substituted for a variable that appears in
both, but more thorough investigation reveals that the expressions
represent different quantities for other values of the variables.

For example, imagine that your service club has decided to
combine fundraisers by selling T-shirts at the soccer game. Suppose
that tickets to the soccer game cost $2 for a child and $5 for an
adult, and T-shirts cost $10 each. You might again let x stand for
the number of T-shirts sold while letting y stand for the number of
children and z stand for the number of adults who buy tickets to
the soccer game. So you could represent the revenue from selling
tickets to the game as 2y + 5z. How would the revenue from sell-
ing soccer game tickets (2y + 5z) relate to the revenue from selling
T-shirts (10x)? Reflect 1.6 asks you to explore the values of these
two expressions for various values of the variables x, y, and z.

Reflect 1.6

What are some values of x, y, and z that make the expressions 2y + 5z and 10x
represent the same amount of revenue? Are there other values of x, y, and z

that you can find to make the expressions produce different revenues?

Consider the table in figure 1.6. As this table indicates, there
are many values of x, y, and z for which these two expressions have
the same value. So, it might appear that 2y + 5z and 10x are equiv-
alent expressions.

Now consider the table in figure 1.7. For other values of , y,
and z, this table indicates that these two expressions do not have
the same value.
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Value of expression

Value of x Value of y Value of z | Value of expression 10x 2y + 5z
0 0 0 10(0), or O 2(0) + 5(0), or O
1 0 2 10(1), or 10 2(0) + 5(2), or 10
2 10 0 10(2), or 20 2(10) + 5(0), or 20
3 15 0 10(3), or 30 2(15) + 5(0), or 30

Fig. 1.6. Values of the

expressions 10x and 2y + 5z for a few values of x, y, and z

Value of expression

Value of x Value of y Value of z | Value of expression 10x 2y + 5z
0 0 1 10(0), or 0 2(0) + 5(1), or 5
1 1 1 10(1), or 10 2(1) + 5(1), or 7
2 1 2 10(2), or 20 2(1) + 5(2), or 12
3 2 3 10(3), or 30 2(2) + 5(3), or 19

Fig. 1.7. Values of the expressions 10x and 2y + 5z for a few more values of x, y, and z

For an example that is unrelated to our hypothetical service

club context, consider the expressions x - 2 and |x - 2|. As the
table in figure 1.8 suggests, these expressions have the same value
for all values of x that are greater than or equal to 2, but they have
different values for all values of x that are less than 2.

Value of Value of
Value of x expression x - 2 expression |x - 2|
=7 -2 -2, 0r-4 -2 - 2], or 4
-1 -1-2,0r-3 [-1-2],0r3
0 0-2,0r-2 |0 - 2], or2
1 1-20r-1 [1-2], 0or1
2 2-2,0r0 |2 -2],0r0
3 3-20r1 [3-2],0r1
4 4-2 0r2 14 - 2|, or 2
5 5-2,0r3 |5-2],0r3

values of the variable x

Fig. 1.8. The values of the expressions x — 2 and |x — 2| for a few

By carefully choosing values to substitute for the variables in

each expression, we may become reasonably confident about the
equivalence of two expressions. Yet, it is clearly impossible to make
a table to check the values of the expressions for all values of the
variables. As a result, this method of exploring the equivalence of
two expressions should be used with caution.
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Another way to probe the equivalence of two expressions is to
construct a graph. In middle school, this method is most applicable
to expressions containing a single variable. For example, con-
sider the earlier example of the two expressions for profit from the
T-shirt sale: 10x - 4x and 6.x. For each expression, students could
plot an ordered pair (x, 10x - 4x) or (x, 6x) for a particular value of
x and the value of the expression for this value of x. Although this
method is essentially the same as making a table, it is sometimes
possible to extend patterns that are indicated by the graph to gain
confidence about the equivalence of the two expressions. As shown
in figure 1.9, after plotting the ordered pairs (1, 6), (2, 12), (3, 18),
and (4, 24), we might conjecture that these two expressions are lin-
ear, that they represent the same line, that they have the same value
for all values of x, and thus that they are equivalent.

@
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Number of T-Shirts

Fig. 1.9. A graph showing four ordered pairs for the expressions
10x = 4x and 6x

Graphing two expressions is a useful way to explore equiva-
lence. Graphing ordered pairs (r, value of the expression at x) for
the expressions x - 2 and |x - 2| clearly indicates that they are not
equivalent, as shown in figure 1.10.

We have discussed three ways of investigating the equivalence
of two expressions: (1) by reasoning about them in their particular
context, (2) by comparing values for them in a table, and (3) by
plotting ordered pairs for them and comparing their graphs. In ad-
dition, we can investigate whether two expressions are equivalent
in a fourth way—by transforming the symbolic representation of
each expression. Transforming a symbolic representation involves
using mathematical properties such as the distributive property to
transform, or rewrite, an expression in a different symbolic form. If
we can apply properties of numbers and operations and equality to

Sometimes the word
transformation
refers to a reflection,
rotation, translation,
or other mapping

in transformational
geometry. Here we
mean something
slightly different.

We are talking

about a symbolic
transformation of

an expression into an
equivalent expression
in a different
symbolic form,
through the use

of mathematical
properties.
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Fig. 1.10. Graphs of ordered pairs for the expressions (a) x = 2 and (b) |x - 2|

For a discussion of
the distributive
property of
multiplication over
addition in
numerical contexts,
see Developing
Essential
Understanding of
Multiplication

and Division for
Teaching
Mathematics in
Grades 3-5

(Otto et al. 2011).

->

transform the symbolic representation of one expression so that it is
identical to a second expression, we have determined that the two
expressions are equivalent.

Consider again the expressions 10x - 4x and 6x, which we
discussed earlier as representations of profit in the context of the
hypothetical T-shirt sale. We can use the distributive property of
multiplication over addition to rewrite the expression 10x - 4.x as
(10 - 4)x, which we can rewrite as 6x. We have transformed the
expression 10x - 4x in such a way that it is now identical in form
to our second expression for profit from the T-shirt sale, 6x. This
means that 10x - 4x is equivalent to 6x. Similarly, applying the
distributive property to 3(x + 4) yields 3x + 3(4) or 3x + 12, which
indicates that the expressions 3(x + 4) and 3x + 12 are equivalent.

Symbolic transformations and
equivalent expressions

Essential Understanding 1c. A relatively small number of symbolic
transformations can be applied to expressions to yield equivalent
expressions.

In working with expressions, we can use particular symbolic trans-
formations to produce new expressions that are equivalent to the
original ones. Symbolic transformations based on certain math-
ematical properties, such as the distributive property, can be used
to transform or rewrite an expression in a form that is symbolically
different but mathematically equivalent.
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Examples that we have discussed earlier illustrate some com-
monly used symbolic transformations, including the use of the dis-
tributive property to rewrite 3(x + 4) as 3x + 12. In addition to the
distributive property (which underlies combining like terms and fac-
toring), symbolic transformations based on the commutative prop-
erties of addition and multiplication also produce expressions that
are equivalent to the original ones. These symbolic transformations
change the way a symbolic expression looks, but—because of the
mathematical properties that underlie these transformations—they
do not change the value of the expression.

Two other symbolic transformations that produce expressions
that are equivalent to the original ones make use of the multiplica-
tive identity and additive identity. These symbolic transformations
are useful for transforming expressions. Reflect 1.7 focuses atten-
tion on these two symbolic transformations and your students’
previous work with them.

Reflect 1.7

21

A discussion of
transformations

in geometric set-
tings appears in
Developing Essential
Understanding of
Geometry for
Teaching
Mathematics in
Grades 6-8 (Sinclair,
Pimm, and Skelin,
forthcoming).

What is the multiplicative identity property? What is the additive identity

property? In what ways have your students used these identities before taking

algebra or prealgebra?

When we multiply a number by 1 or multiply 1 by that num-
ber, the result is the number itself, so 1 is the multiplicative identity.
Similarly, when we add O to a number or add a number to 0O, the
result is the number itself, so O is the additive identity. Although
we often think of the multiplicative identity as applying mostly
to numbers (for example, 5 « 1 is 5, or 2/3 « 2[2 = 4/g when find-
ing common denominators), it applies to algebraic expressions
as well. The expression 5x is equivalent to the expression 5x - 1.
Furthermore, for expressions with more than one term, multiplying
some or all of the terms by 1 produces expressions that are equiva-
lent to the original ones. For example, the expression 2x + 3 is
equivalent to 2x(1) + 3, 2x + 3(1), 2x(1) + 3(1), and (2x + 3)(1).

Of particular importance are the different ways in which the
number 1 can be written. Because 3/3 is equivalent to 1, we can
multiply an expression by 3/3 and produce an expression that is
equivalent to our original expression. For example, the expression
2x is equivalent to the expression 2x « 3/3 , which can be rewrit-
ten as 6%/3. In working with an expression with multiple terms, we
can multiply each term by 1 in a different form and produce new
expressions that are equivalent to our original expression. For ex-
ample, the expression 2x + 3y is equivalent to

2x3+3 2
37y
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which can be rewritten as
6x 6y
—4—.
3 2
Clever use of the multiplicative identity can transform expres-
sions into equivalent ones. Let’s revisit the previous example, where
we began by saying that 2x + 3y is equivalent to

2x 3-4-3 2
30y
which we rewrote as
6x 6y
— .
3 2

We can transform this expression by rewriting each term with a com-
mon denominator of 6, again applying the multiplicative identity:

6xr 2 6y 3
—_ . —
3 2 2 3
12
12x 18y
6 6
12x +18y
6

We can transform the expression 2%/3 + 5%/ into an equivalent ex-
pression in the same way:

This can be rewritten as
4_x + 15x

6 6
which can be rewritten as 194/ by using the distributive property
and combining like terms:
4x 15x (1
_ + _—

—-4xj+(l<151j:l(4x+15x):l(19x):19—x
6 6 6 6 6 6 6

’

Finally, addition of O (which is the additive identity) is a sym-
bolic transformation that ensures equivalence between expressions
before and after the transformation. Prior to their study of algebra,
students learn that 0 + 3 is 3. As with the multiplicative identity,
this symbolic transformation can also be applied to expressions; for
example, 3x + O is equivalent to 3x. Reflect 1.8 offers an opportunity
to explore how the additive identity can be used to transform ex-
pressions into other, equivalent expressions.

Reflect 1.8

Can you come up with at least ten different numerical expressions that can be
subtracted from three to get zero? Be creative!
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The number 0 can be written in infinitely many ways! For ex-
ample, 3 -3,3-2-1,and 3 + 4 - 3 - 4 are all equivalent to 0. So,
we can add (3 -3),(3-2-1),0or (3 +4 -3 - 4) to an expression
and preserve equivalence between expressions before and after our
transformations. Clever addition of different forms of 0 can be quite
helpful in transforming expressions into other equivalent expres-
sions that have different symbolic forms. For example, as we will
see later in the discussion of Essential Understanding 5c, the expres-
sion x? + 6x can be rewritten as the equivalent x? + 6x + (9 - 9),
which can be rewritten as (x> + 6x + 9) - 9, or (r + 3)> - 9. In fact,
transforming one expression into another to produce an equivalent
expression is often a critical step in solving a problem.

The table in figure 1.11 provides a list of transformations that
ensure equivalence between the expressions that they produce and
the original expressions. Reflect 1.9 probes whether any other sym-
bolic transformations ensure equivalence.

23]
Essential 6

Understanding 5c¢
Quadratic equations
can be solved by
using graphs

and tables and

by applying an
algorithm that
involves complet-
ing the square. This
algorithm, when
expressed in a more
compact form, is
also known as the
quadratic formula.

Result of application of
transformation to yield
Transformation Sample expression an equivalent expression
Distributive property 3(x+4) 3x+ 12
Combining like terms 10x - 4x 6x
Factoring 6x + 10y 2(3x + 5y)
Commutative property of 3x + 4y 4y + 3x
addition
Commutative property of (3¥(2y) (2y)(34)
multiplication
L 2x 5x 2x(2) 5x(3
Multiplication by 1 —ar= —| = |+t—| =
3 2 3\2 2 \3
Associative property of (x+2)+y x+2+y)
addition
Associative property of 1 (6h) 1
inlicati = —b |h
multiplication 2 (2 j
Addition of O x2 + Bx X +6x+9+(-9)

Fig. 1.11. Symbolic transformations that preserve equivalence between the original expression

and the expression produced

Reflect 1.9

Consider other symbolic transformations that are not included in figure 1.11,
such as adding a constant to an expression. Will those transformations result in

expressions that are equivalent to the original expressions?
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Many types of symbolic transformations are not included in
the table in figure 1.11 because they do not produce expressions
that are equivalent to the original expressions. For example, adding
a nonzero constant to an expression or multiplying an expression
by a constant other than 1 does not produce an expression that is
equivalent to the original expression; 3x is not equivalent to 3x +
2, and 4x is not equivalent to 1/4 « 4x. Similarly, squaring or taking
the square root of an expression that does not represent O or 1 does
not produce an equivalent expression. The symbolic transformations
identified in the table result in expressions that preserve equiva-
lence with the original expressions.
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Variables as Useful Tools: Big Idea 2

Big Idea 2. Variables are tools for expressing mathematical ideas
clearly and concisely. They have many different meanings, depend-
ing on context and purpose.

The idea of variable is central to algebra. Understanding algebra
requires knowing what variables are and using them as tools to in-
dicate relationships.

Variables have many meanings

Essential Understanding 2a. Variables have many different meanings,
depending on context and purpose.

Schoenfeld and Arcavi (1988) describe the concept of variable as
“the basis for the transition from arithmetic to algebra” (p. 420).
Although students work with many algebraic situations and ideas in
the elementary grades, many students encounter the term variable
for the first time in middle school. Many of the expressions that we
have discussed involve variables. In the expression 4., which we
used to describe the cost in dollars for our hypothetical service club
to purchase x T-shirts for a fundraiser, the letter x is a variable
representing the number of T-shirts purchased. In the expression
2y + 5z, we used y and z as variables representing the number of
children (y) and the number of adults (z) who buy tickets for the
soccer game that the club is planning as another fundraiser.

The table in figure 1.12 offers examples of how several differ-
ent textbooks introduce the term variable to students. After reading
these examples, spend some time thinking about Reflect 1.10 and
discussing it with colleagues, if possible.

Reflect 1.10

@

Consider the different presentations of variable in figure 1.12.

What are some similarities and differences in these various treatments of the

term variable?

How do these ways of introducing and using variable compare with the way

variable is introduced and used in the textbook(s) in your classroom?
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Adults are roughly twice as tall as they were when they were 3 years old.... This suggests
a simple rule of thumb for predicting the adult height of a 3-year-old child: multiply

his or her current height by 2. In the language of algebra, if c represents the height of

a 3-year-old child, then 2 - ¢, or 2¢ for short, is the child's predicted height as an adult.
The letter cis a variable and 2c is an algebraic expression. A variable is a letter or other
symbol that can be replaced by any number (or other object) from a set. When numbers
and variables are combined using the operations of arithmetic, the result is called an
algebraic expression. (Brown et al. 2008, p. 6)

In the jumping jack experiment, the number of jumping jacks and the time are variables.
A variable is a quantity that changes or varies. You recorded your data for the variables in
a table. Another way to display your data is in a coordinate graph. A coordinate graph is
a way to show the relationship between two variables. (Lappan et al. 2004b, p. 7)

Each decision that must be made in planning the talent show will have consequences.
You can choose the price for tickets, but if you charge too much, attendance will be low.
If you charge too little, you will have very little income. The situation involves variables
such as ticket price and attendance. Variables are quantities whose values may change
or vary according to circumstances. (Fey et al. 1995, pp. 2-3)

Algebra is a language of symbols. One symbol that is frequently used is a variable. A
variable is a placeholder for any value. As shown above, h represents some unknown
number of hours. (Malloy et al. 2005, p. 17)

There is a simpler way to describe the situation. Let the variable x stand for the number
of people needing food and shelter at a relief camp. Here is what the camp needs for x

people.

e (x + 10) beds

® (3 x) pounds of food per day

The variable x stands for an unknown number. When the relief group knows the number
of people at the camp, they can replace x with that number.... The letter x is a variable,
or placeholder, for a number that you do not know. Mathematical phrases, such as

x+ 10 and 3 - x, are expressions that use operations to combine numbers and variables.
(EDC 2009, p. 93)

Fig. 1.12. Ways in which different textbooks introduce variable

Variables in expressions of unknown or varying
value

4 Essential Understanding 2b. Using variables permits writing
expressions whose values are not known or vary under different
circumstances.

Expressions involving variables can help us to answer questions in
a variety of situations. For example, in the hypothetical situation of
the T-shirt fundraiser, we supposed that the cost to the service club
members is $4 for each T-shirt purchased, and we wrote the expres-
sion 4x to represent the club’s total expenditure for x T-shirts. The
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expression 4x, whose value varies under different circumstances,
can help us answer a question such as, “What is the cost, in dollars,
for purchasing 3 T-shirts?” With this question, we seek information
about what Chazan (2000) calls a “snapshot” of the situation. We
wish to determine the cost that results from purchasing a particular
number of T-shirts. In this question, we are treating the variable x
as an unknown value. When x is 3, the cost of purchasing T-shirts is
$12.

Variables for studying relationships between
varying quantities

Essential Understanding 2c. Using variables permits representing
varying quantities. This use of variables is particularly important in
studying relationships between varying quantities.

We can view a variable as representing not just an unknown quanti-
ty but also a varying quantity. As stated in Essential Understanding
2¢, this way of thinking about variables turns out to be particularly
important when it comes to studying relationships between varying
quantities, as in the case of some functions, like those discussed in
more detail in connection with Big Idea 4. If the service club has
1000 T-shirts to sell, we can think of the variable x in the expres-
sion 4x as ranging over the whole numbers in the interval from 0 to
1000. (We cannot buy a negative number of T-shirts or a fractional
number of T-shirts.) For every unit increase in x—or increase of 1
T-shirt—the cost increases by $4. The relationship between the num-
ber of T-shirts purchased and the cost is a linear relationship, as we
saw earlier in the graph in figure 1.2.

Reflect 1.11 asks you to revisit these two views of variable—as
an unknown quantity and as a varying quantity—by reexamining
the ways that mathematics textbooks introduce the term variable in
figure 1.12.

Reflect 1.11
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Which of the two views of variable—as an unknown quantity and as a varying

quantity—is more prominent in each textbook excerpt shown in figure 1.12?

Which of these illustrations and views is more consistent with the perspective

on variable that you emphasize in your classroom?
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Revisiting the roles of variable

Variables take on more than two roles. Essential Understanding 2a
states that variables have many different meanings. In fact, Usiskin
(1988) identifies five conceptions of variable in algebra. The two
roles described here capture perhaps the two most common and im-
portant ways that variables are used in middle school algebra.

How can we—and our students—make sense of these dual roles
of variables—their capacity to represent an unknown but particular
number and to take on many possible values? In an account of
his own rethinking of the teaching of algebra, Chazan (2000) de-
scribes the difference between these two views as an “ambiguity or
complementarity at the center of school algebra” (p. 77):

| use the term complementarity in the same sense as it is used in
describing light. Light is viewed at one and the same time as both
particle and wave. Our understanding of light as a phenomenon is
complete only when we can integrate these two seemingly contra-
dictory views. Similarly, in school algebra, the literal symbol x is at
one and the same time both particular unknown and variable quan-
tity. In taking a relationship-between-quantities or functions-based
approach, one chooses to make the second, variable view of x cen-
tral and the first, particular unknown view of x background, while
traditionally the roles of these views are reversed. (pp. 77-78)

As Chazan points out, the view of variable as unknown has tradi-
tionally been the dominant view of variable in school algebra. Yet,
the idea of variable as changing quantity is potentially very power-
ful as a tool for understanding relationships in mathematical and
real-world situations. Reflect 1.12 invites you to explore these dual
views of variable further.

e

Two variables in this situation are time and distance. We
think about one of these variables—distance—as an unknown when
we ask a question like, “What distance will Cassie have run after 5
minutes?” This question asks us to find a particular number that is
currently unknown—the distance that Cassie will have run after 5
minutes. In response, we can write an expression for the distance
that Cassie will have run since starting the race as 186.7 - t, where
t is the time in minutes (11.2 km/hr « 1 hr/60 min « 1000 m/1 km
is 186.7 m/min). We can evaluate the expression 186.7 « t to de-
termine that Cassie will have run approximately 933.5 meters after
5 minutes:

186.7 « t
186.7 m/min « 5 min
933.5 m
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Reflect 1.12

Returning to the context of the service club's fundraisers, consider the following
situation: Suppose that Cassie and Winston are student members of the service
club and are planning to participate in the 5K run. Cassie runs at a constant

rate of 11.2 kilometers per hour (186.7 meters per minute), and Winston runs at

a constant rate of 13.7 kilometers per hour (228.3 meters per minute).

a. What are some of the variables in this situation?

b. What would it mean to think about the variables in this situation as
unknowns? Write down some questions that you might ask about this

situation that emphasize a view of variables as unknowns.

¢. What would it mean to think about the variables in this situation as chang-
ing quantities? Write down some questions that you might ask about this

situation that emphasize a view of variables as changing quantities.

d. What are some differences in the kind of information that you obtain
when you think of variables as unknowns as compared with variables as

changing quantities?

This information provides a “snapshot” of Cassie at one instant: At
a time of 5 minutes, Cassie will be 933.5 meters into the race. By
viewing the distance as a variable representing an unknown value,
we gain information about particular positions along the run at par-
ticular times—“snapshots” of the situation.

By contrast, if we view the variable f simply as time elapsed
since Cassie and Winston started the race without assigning any
particular, known value to ¢, such as 5 minutes, we obtain some dif-
ferent information about the situation. When we view t as a chang-
ing quantity, the expression 186.7 - t describes how Cassie’s dis-
tance from the starting line varies as time passes once she starts the
race. If we think about both distance and time as changing quanti-
ties, we might ask a question like, “As t increases from O to 5 min-
utes, how does Cassie’s distance from the starting line change?” This
question is, at first glance, only subtly different from the question
posed in the previous paragraph. An important difference, however,
is that the latter question focuses our attention on a relationship be-
tween two changing quantities—namely, distance run as a function
of elapsed time. From this perspective, we can view the expression
186.7 « t less as an expression for determining a single unknown
value of t and more as a rule for a function. Emphasizing a view
of variables as changing quantities is part of what is often referred
to as a functions-based approach to algebra (Chazan 2000; Chazan
and Yerulshalmy 2003; Fey et al. 1995; Heid 1996; Schwartz and
Yerushalmy 1992).
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Equality and Equivalence: Big Idea 3

Big Idea 3. The equals sign indicates that two expressions are equiv-
alent. It can also be used in defining or naming a single expression
or function rule.

In our exploration of Big Idea 3, which focuses on equality and
solving equations, we will discuss two uses of the equals sign: to
indicate that two expressions are equivalent and to give a name
to a function rule. We will also explore solving equations and in-
equalities as well as the meaning of solutions to equations and
inequalities.

Indicating equivalence

Essential Understanding 3a. The equals sign can indicate that two
expressions are equivalent.

In our discussion of Big Idea 1, we determined that the expression
10x - 4x and the expression 6x are equivalent. We can write

10x - 4x = 6x to indicate that these two expressions are equiva-
lent for all values of the variable x. When we use an equals sign to
indicate that two expressions are equivalent, we have written an
equation. Note that an equals sign can be used in a statement of
equivalence of mathematical entities other than two expressions, al-
though such use is not common in middle school mathematics. For
example, we can use an equals sign to indicate that two functions
or two matrices are equivalent.

It is important to recognize that the equals sign is not a signal
to perform a given computation (as the = button on some calcula-
tors might indicate), nor is it a signal that the answer to a problem
comes next (as in = 6). These views of the equals sign represent very
common misunderstandings, which Reflect 1.13 explores.

Reflect 1.13

If you were to show your students the following and ask them to figure out
what number should replace “?", what answers do you think your students

might give? 34+4=2+2

Given the problem in Reflect 1.13, some students are likely
to say that the number 7 should replace the question mark. Many
researchers (e.g., Knuth et al. 2006) refer to this misunderstanding
as an operational view of the equals sign; if we type “3 + 4 =" in
some calculators, the immediate result is 7. An operational view is
common among middle-grades students. Particularly troubling is
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the finding that such a view of the equals sign is associated with
lower performance on equation-solving items (Knuth et al. 2006).
In other words, students with an operational view of the equals sign
not only fail to understand the concept of the equals sign but also
perform relatively poorly when asked to solve equations.

Defining or naming an expression or function rule

Essential Understanding 3b. The equals sign can be used in defining
or giving a name to an expression or function rule.

Another use of the equals sign is to give a name to an expression
so that we can explore and represent it more easily. For example, if
30a is the cost in cents of purchasing a apples at 30 cents each, we
may choose to use an equals sign to write y = 30a. The statement
y = 30a allows us to use the variable y instead of the expression 30a
as we explore and represent this situation. We can also use function
notation to make this assignment; we might write f(a) = 30a.

Understanding the difference between these two uses of the
equals sign—as a way to indicate that two expressions are equiva-
lent or as a way to name an expression—is fundamental to the study
of algebra in two important ways. First, this distinction is related to
the two different conceptions of variable that we described earlier.
When we use the equals sign to indicate that two expressions are
equivalent, we might be using variables as unknowns. As we will
describe in more detail in a later example, the equation 10x + 20 =
5x + 50 indicates that the expression 10x + 20 and the expres-
sion 5x + 50 are equivalent. In this equation, the variable x is an
unknown quantity (Essential Understanding 2b), and we might be
interested in knowing for what value(s) of the unknown these two
expressions have the same value. By contrast, when we define a
function (see the discussion of Big Idea 4) by using “=" with the
function notation f(x), as in f(x) = 10x + 20, we are using x to indi-
cate a varying quantity (Essential Understanding 2c).

These two uses of the equals sign also relate to differences be-
tween a function and an equation. Reflect 1.14 invites consideration
of the differences between these two important ideas in algebra.

Reflect 1.14
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If one of your students asked you to explain the difference between a function

and an equation, how would you respond?
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The distinction between functions and equations is somewhat
subtle. After all, functions and equations, and the ways in which
we represent them, appear to have many common features, such as
equals signs, expressions, and variables. Furthermore, in many cur-
rent middle school algebra textbooks, this distinction is not clearly
addressed. Some textbooks focus primarily on equations, with only
a brief mention of functions and little attempt to connect func-
tions with equations. Other middle school textbooks focus almost
exclusively on functions, with little or no attention to working with
equations. More generally, some researchers have lamented the arti-
ficial separation of function-oriented views of algebra and equation-
oriented views of algebra (Star and Rittle-Johnson 2009), including
the suggestion that students’ difficulties with algebra emerge at least
in part from this disconnection.

Whereas an equation states that two expressions are equivalent
for certain values of the variables, a function describes a relation-
ship between varying quantities. Some functional relationships, but
not all, can be described by an algebraic expression. For example,
the function f(x) = 10x + 20 describes a relationship for which each
input x has exactly one output 10x + 20. For the input 2, the func-
tion has one output, f(2), which can by obtained by computing
10 = 2 + 20. The use of functions allows us to explore a wide variety
of expressions (e.g., linear and nonlinear), where each expression
communicates information about how variables vary and how we
can associate output values with given input values.

Equations become very useful in investigating relationships be-
tween two expressions. We explore ways that equations can be used
to understand relationships between two expressions next. In our
discussion of Big Idea 4, we will return to functions as a way to ex-
plore relationships between varying quantities that can be described
by a single expression.

Finding the value(s) to make two expressions
equivalent

Essential Understanding 3c. It is often important to find the value(s)
of a variable for which two expressions represent the same quantity.

One use of the equals sign is to indicate that two expressions are
equivalent (Essential Understanding 3a). This use leads us to consid-
er ways in which we might determine a value (if any such exists) or
multiple values (if more than one exists) that we can substitute each
time that a particular variable occurs in two expressions to produce
expressions that are equivalent. In expressions that have more than
one variable, the use of the equals sign leads us to consider ways

of determining such values for each variable. Determining these
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values is something that we are often interested in doing, as
Essential Understanding 3¢ suggests.

To explore ways of solving equations, consider again our stu-
dent service club. This time, suppose that some of the students in
the club are interested in joining a national service club. Although
membership in the local school club is free, the two national service
clubs that the students are thinking about joining, Kids Help and
United Service, have membership fees. Kids Help has a one-time
enrollment fee of $20 and a $10 per month membership fee. United
Service has a one-time enrollment fee of $50 and a $5 per month
membership fee. Some of the students think it is a better deal to
join Kids Help because the one-time enrollment fee is lower. Others
find the United Service membership more appealing because of the
lower monthly rate. Still others claim that one club starts off as a
better deal, but after a certain number of months, the other club
becomes a better deal.

Let’s consider possible ways to investigate the situation. We can
use equations, tables, and graphs to help analyze these membership
programs. We can represent the cost of membership in Kids Help af-
ter x months with the expression 10x + 20, and the cost of member-
ship in United Service with the expression 5x + 50. As the table in
figure 1.13 shows, the quantities that 10x + 20 and 5x + 50 represent
are different for many values of x. Yet, finding the value at which
the expressions are the same can help in understanding under what
conditions one membership might be a better value than another.
How, then, can we find the value of x (if such a value exists) for
which 10x + 20 and 5x + 50 have the same value? The symbolic way
of posing this question is to write 10x + 20 = 5x + 50. This equation
indicates our interest in finding the value(s) of x (if any exist) that
make 10x + 20 and 5x + 50 have the same value. Such values can be
found in many different ways, including making a table of values
and graphing each expression.

For example, we might make a table like the one in figure 1.13,
exploring the values of the expressions 10x + 20 and 5x + 50 for
various values of the unknown variable x. As indicated in this table,
when the value of the variable x is 6, the expressions 10x + 20 and
5x + 50 have the same value of 80. This means that, for member-
ships lasting exactly 6 months, students who joined Kids Help will
have spent the same amount of money on membership as students
who joined United Service.

Although tables are powerful and intuitive tools for exploring
expressions, a table makes it difficult to rule out the possibility that
there are other values for which the expressions are equal (consider
Essential Understanding 4d). In this example, is there another value
of x for which 10x + 20 and 5x + 50 have the same value? How
many values of x would we need to list in our table before we were
certain that there are not other such values?

Essential @

Understanding 4d
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of a function may

be more useful than
others, depending on
how they are used.
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Cost of Kids Help Cost of United Service
membership membership
Months (x) (10x + 20) (5x + 50)
0 10(0) + 20, or 20 5(0) + 50, or 50
1 10(1) + 20, or 30 5(1) + 50, or 55
2 10(2) + 20, or 40 5(2) + 50, or 60
3 10(3) + 20, or 50 5(3) + 50, or 65
4 10(4) + 20, or 60 5(4) + 50, or 70
5 10(5) + 20, or 70 5(5) + 50, or 75
6 10(6) + 20, or 80 5(6) + 50, or 80
7 10(7) + 20, or 90 5(7) + 50, or 85
8 10(8) + 20, or 100 5(8) + 50, or 90

Fig. 1.13. A table showing the cost of membership in two
service clubs after x months

We can also explore this same issue in graphs and perhaps
avoid this limitation of a table. For the equation 10x + 20 = 5x + 50,
let’s use f(x) for the expression 10x + 20 and g(x) for the expression
5x + 50. If we graph the function f(x) = 10x + 20 and the function
g(x) = 5x + 50 on the same set of axes, we can look for the value(s)

an A
80
1 (6, 80)
o 9(x) = 5x+ 50
= 66
2] il
v
2 %90/
g f(x)|= 10x4 20
=
w5 40
- il
wv
S —30
10
f f f f f f f f f >
4 2 4 6 8
Number of Months

Fig. 1.14. The graphs of f(x) = 10x + 20 and g(x) = 5x + 50 intersect
at the point (6, 80), showing that the cost of membership in two
service clubs is the same ($80) if students belong for 6 months.
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of x for which these two expressions have the same value. We can
see in figure 1.14 that the two graphs intersect when x is 6, at the
point (6, 80). This shows that the two memberships cost the same

amount if the students belong to the clubs for six months.

Solving an equation

Essential Understanding 3d. Finding the value(s) of a variable for
which two expressions represent the same quantity is known as
solving an equation.

To solve an equation, we can apply a series of symbolic transforma-
tions to the equation so that in one expression we are left with only
the variable, all by itself, and in the other expression we have only

a number or numerical computation. If we are able to transform

the equation in such a way that one expression consists only of the
variable (e.g., x =) and the other is a number or numerical computa-
tion, then this process yields the value or values of the variable that
make both expressions equivalent.

In our discussion of Essential Understanding 1c, we explored
symbolic transformations that change the form of an expression
without changing the quantity that it represents. Solving an equa-
tion requires us to consider symbolic transformations that we can
make to the expressions on both sides of the equals sign without
changing their equivalence. For example, consider the equation
2x = 6. This equation indicates that we are interested in the value
or values of the variable x for which the expression 2x has the same
value as the expression 6. One way to solve this equation would be
to multiply both expressions by 1/2. This results in the equation
x = 3. Because we have transformed one expression so that the vari-
able is by itself on one side of the equals sign, we know that the
other expression indicates the value of x for which the two expres-
sions are equivalent (3). We can confirm this by finding the value
of 2x when x is 3; 2 « 3 is 6. This transformation, multiplying both
expressions in an equation by the same value, is one of several that
we can use in solving equations. Multiplying both expressions by
a constant (or dividing both by a nonzero constant) maintains the
equality of two expressions because of the multiplication property
of equality.

Similarly, the addition property of equality holds that the
same value can be added to both expressions in an equation with-
out changing the equivalence of the two expressions. Given the
equation x + 3 = 4 (which states that the expression x + 3 and the
expression 4 are equivalent for a particular value or values of the
variable x), we can add -3 to both expressions to yield x = 1. This
indicates that when x has value 1, the two expressions have the
same value.

Essential ‘
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For more complex equations, it may be necessary to apply a
series of symbolic transformations to solve the equation, including
some of the symbolic transformations discussed previously for trans-
forming expressions. Reflect 1.15 invites you to consider what kinds
of symbolic transformations you might apply (and in what order) to
solve a linear equation.

Reflect 1.15

How might you approach solving an equation like 10x + 20 = 5x + 507 What
steps would you be likely to take? Think about each step and justify why taking
it makes sense.

Consider the equation 10x + 20 = 5x + 50. As shown below, if
we add the value -20 to both expressions, then add the value -5x to
both expressions (both of which ensure the equivalence of the two
expressions by the addition property of equality), and finally mul-
tiply both expressions by 1/5 (which ensures the equivalence of the
expressions by the multiplication property of equality), we are left
with x = 6:

10x+20=5x+50
10x 4+20+(-20) =5x +50+(-20)

10x =5x+30
10x+(-5x)=5x+(-5x)+30
5x=30
1 1
5r-—=30-~
5 5
r=6

Examining these symbolic transformations graphically is a very
useful way of illustrating that the transformations do not change
the value(s) for which the two expressions are equivalent. Consider
again the equation 10x + 20 = 5x + 50 and the graph in figure 1.14
showing f(x) = 10x + 20 and g(x) = 5x + 50. Recall that the graphs
of these two functions intersect at the point (6, 80). When we add
(-20) to both expressions, we are left with f,(x) = 10x and g (x) =
5x + 30. Despite the fact that f{x) and f(x) are not equivalent, the
x-value where f(x) = g,(x) is the same as the xr-value where f{x) =
g(x). This can be seen in the graph in figure 1.15. The x-coordinate
of the point of intersection is 6. As shown in figure 1.15, the graphs
corresponding to fand g have been shifted down 20 units, so the
intersection of the graphs of f, and g, is at (6, 60).

Similarly, when we add (-5x) to both expressions, we are left
with f,(x) = 5x and g,(x) = 30. As before, we have transformed each
expression in the same way, so the value of x for which f,(x) = g,(x)
is the same as in our previous equations, f{x) = g(x) and f,(x) = g,(2).
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Fig. 1.15. The graphs of f,(x) = 10x and g,(x) = 5x + 30 intersect at the point (6, 60).

This is illustrated in the graph of figure 1.16. Finally, when we multi-
ply both expressions by 1/5, we obtain f,(x) = x and g,(x) = 6, which
is shown graphically in figure 1.17.

We have examined graphically the pairs of functions involved
at each step of the equation-solving process. Because we transformed
the functions in each pair in the same way, the x-coordinates of the
intersections of the graphs of the functions are the same (r = 6). We
will return to this discussion of the relationship between symbolic

g,(x) =[30

(6,30)

v

f(x) + 5x

v

Fig. 1.16. The graphs of f,(x) = 5x and g,(x) = 30 intersect at the point (6, 30).
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Fig. 1.17. The graphs of f,(x) = x and g,(x) = 6 intersect at the point (6, 6).
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and graphical transformations of functions later, as a way of devel-
oping a deeper understanding of families of functions, in our dis-
cussion of Big Idea 4.

Indicating a relationship other than equality

Essential Understanding 3e. An inequality is another way to describe
a relationship between expressions; instead of showing that the val-
ues of two expressions are equal, inequalities indicate that the value
of one expression is greater than (or greater than or equal to) the
value of the other expression.

Inequalities are treated in very much the same way as equations.
Whereas an equation presents us with an equals sign that indicates
the equivalence of two expressions, an inequality has an inequality
symbol that provides us with information about the relationship be-
tween the values of the two expressions. In particular, it tells us that
one expression is greater than (or greater than or equal to) the other.

As we saw in the case of equations, graphical representations
can be useful for illustrating inequalities. Consider an inequality in
one variable, such as x < 3. This inequality indicates a relationship
between the expression x and the expression 3, and the relationship
is that x is less than 3. Because the inequality has only one variable,
it can be shown on a single axis. The number line graph in figure
1.18 shows the values of x that make this relationship true.
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Fig. 1.18. A number line graph illustrating the inequality x < 3

In a number line graph of an inequality, it is customary to
shade portions of the number line that represent all values of the
variable(s) for which the indicated relationship between the two
expressions holds. In the case of x < 3, the shaded portion of the
number line represents all the numbers less than 3. For example, the
point for number 1 is part of the shaded portion, since when x is 1,
the inequality is 1 < 3, which states a true relationship. On the other
hand, the point for number 6 is not part of the shaded portion, be-
cause when x is 6, the inequality would be 6 < 3, which is not true.

Solving inequalities

Essential Understanding 3f. In solving an inequality, multiplying
or dividing both expressions by a negative number reverses the
sign (<, >, <, 2) that indicates the relationship between the two
expressions.

Solving an inequality is very similar to solving an equation, in that
we try to find the value(s) of the variables for which the indicated
relationship between the expressions is true. In solving equations,
we apply the addition property of equality when we add (or sub-
tract) the same value on both sides of the equals sign and produce
a new pair of equivalent expressions. Working in a parallel way, we
can add the same value to, or subtract the same value from, both
expressions in an inequality and preserve the particular relationship
of inequality between the expressions. In this work, we are applying
the addition property of inequality.

Let’s revisit the example discussed previously, involving the
students who are deciding which of two national service clubs, Kids
Help and United Service, to join. Suppose that the students ask the
question, “For what periods of time is membership in Kids Help less
expensive than membership in United Service?” This question would
be important to a student who wants to be a member for only a few
months or to a student who plans to be a member for several years.
Recall that Kids Help has a one-time enrollment fee of $20 and a
$10 per month membership fee, and United Service has a one-time
enrollment fee of $50 and a $5 per month membership fee.

Solving the inequality 10x + 20 < 5x + 50 allows us to find the
values for x for which membership in Kids Help is less expensive than
membership in United Service. We can solve this inequality by a pro-
cess that is similar to the process that we used to solve the equation
10x + 20 = 5x + 50:
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10x+20<5x+50
10x +20+(=20) < 5x+ 50+ {—20)
10x <5x+30
10x +(=5x) <5x+(=5x)+30
5x <30

1 1
5r-—<30-—
5 5

r<6

What does this solution, x < 6, mean in the context of the cost
comparison of the service club memberships? We see that for mem-
berships that last less than 6 months, it makes financial sense to
join Kids Help. For example, a 5-month membership at Kids Help
costs $70, because 10(5) + 20 is 70. In contrast, a 5-month member-
ship at United Service costs $75, because 5(5) + 50 is 75. However,
for memberships longer than 6 months, United Service is a better
deal. For example, a 7-month membership at Kids Help costs $90,
because 10(7) + 20 is 90; in contrast, a 7-month membership at
United Service costs $85, since 5(7) + 50 is 85.

Applying symbolic transformations to solve inequalities is dif-
ferent in one important way from applying them to solve equations.
When we multiply or divide both expressions by a negative num-
ber, we must reverse the inequality sign to produce an equivalent
inequality. Reflect 1.16 invites you to think about this difference
between solving equations and solving inequalities.

Reflect 1.16

When multiplying or dividing both expressions in an inequality by a negative
number, why do we reverse the inequality sign?

When multiplying or dividing both expressions by a negative
number, we need to reverse the inequality sign in order to produce
an equivalent inequality. Why is this the case? Let’s first consider a
numerical example, and then we will use graphs to explore why we
reverse the inequality sign.

Consider the inequality 5 < 6, which indicates that 5 is less
than 6. Let’s multiply both 5 and 6 by the same positive value—
say, 3:

5<6
5¢3<6-3
15< 18
In this case, we end up with 15 < 18, a statement that is also true.

What happens, however, if we multiply both 5 and 6 in the
inequality 5 < 6 by the same negative value—say, -37 We seemingly
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end up with -15 < -18, a statement that is not true; -15 is greater
than -18. To preserve the relationship between the two expressions
indicated by the inequality 5 < 6, we need to reverse the inequality
sign:
5<6
5¢(-3)>6-(-3)
-15> -18

Let’s explore what is going on here by thinking about what
happens when we multiply or divide by -1. For any real numbers a
and b, if a < b, then a - b < 0, by the addition property of inequal-
ity (adding -b, or subtracting b from both sides of the inequality).
Applying the addition property again and subtracting a from both
sides, we obtain -b < —a. We can rewrite this inequality as -a > -b.
This shows symbolically that if a < b, then -a > -b.

Conceptually, it can be helpful to think about how multiplica-
tion or division of the expressions in an inequality by -1 changes
the expressions in the inequality to their “opposites,” or additive in-
verses. Consider the number line shown in figure 1.19. The inequal-
ity 3 < 8 is represented on the number line because 3 appears to the
left of 8 on the line. When we multiply the two expressions in the
inequality 3 < 8 by -1, we must consider the relationship between
the opposites of 3 and 8: -3 and -8, which are shown on the num-
ber line in figure 1.20. Because the locations of the opposites on
this number line correspond to a reflection across the origin of the
locations of the original points on the number line in figure 1.19, it
makes sense that we would reverse the inequality sign when multi-

plying by -1.

Fig. 1.20. A number line representing the inequality -3 > -8

What would happen if we had one positive and one negative
number? Consider the inequality -3 < 8, shown in figure 1.21. When
we multiply the expressions in the inequality by -1, we are consider-
ing the relationship between -8 and 3, the opposites of 8 and -3. We
can see that -8 < 3 indicates a relationship that is true because -8 is
to the left of 3 on the number line of figure 1.22. As in the previous
example, when we multiply by -1, we reflect the number line across
the origin, and we must reverse the inequality sign.

41



142

Expressions, Equations, and Functions

Fig, 1.22. A number line representing the inequality -8 < 3

You may wish to use number lines as we did in the examples
above to explore on your own the case of an inequality with two
negative numbers—for instance, -8 < -3. In general, multiplication
or division by a negative number produces two expressions whose
relationship to each other is the opposite of the original relationship
between the two expressions, requiring us to reverse the inequality
symbol to continue to have an inequality that is true. With these
ideas in mind, consider Reflect 1.17.

Reflect 1.17

Think about what typically happens in the classroom when students are faced
with solving an inequality such as -3x < 12. After dividing both sides of the
inequality by -3, some students are likely to suggest that the solution to this
inequality is x < -4. Instead of merely stating the rule about reversing the in-
equality sign, what representations or ideas might you draw on to help students
understand that x < -4 is not the correct solution?

Exploring the solution of the inequality -3x < 12 graphically
might be one way to help students think more carefully about the
need to reverse the inequality sign when they are multiplying or
dividing by a negative number. In particular, consider figure 1.23
below, in which the functions f(x) = -3x and g(x) = 12 are graphed
on the same axes.

The graphs corresponding to f(x) and g(x) intersect at the point
(-4, 12). Part of the line for f(x) = -3.x lies above, and part of it lies
below, the line for g(x) = 12. The portion of the line for f(x) = -3x
that corresponds to x < -4 (gray in the figure) lies above the line
for g(x) = 12. The portion of the line for f(x) = -3x that corresponds
to x > -4, (purple in the figure) lies below the line for g(x) = 12.
Solving the inequality -3x < 12 requires us to find all values of x
for which the value of -3 is less than (or equal to) 12. It may not
be immediately obvious whether the solution consists of those val-
ues indicated in gray or those indicated in purple in the graph.

If we select two test points on the line f(x) = -3x—one in the
gray portion of the line and one in the purple portion—we can deter-
mine which point represents a value of x that makes the inequality
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Fig. 1.23. Graphs of f(x) = =3x and g(x) = 12 to aid in solving the inequality -3x < 12

-3x < 12 true. Consider the point (-6, 18) in the gray portion. Does
its xr-coordinate make the inequality true? Because -3(-6) is 18, and
18 is greater than 12, the x-coordinate of point (-6, 18) does not
make the inequality -3x < 12 a true statement. It follows that no
gray points have r-coordinates that will make the inequality true.
By contrast, consider the purple point (-1, 3). When x = -1, f(x)

is -3(-1), or 3, and 3 is less than 12, so the x-coordinate for point
(-1, 3) does make the inequality -3x < 12 true. This means that

all purple points (in other words, where x > -4), in addition to the
point where x = —4, correspond to solutions of the inequality. Thus,
the solution to the inequality -3x < 12 is given by x > -4.

This strategy—of graphically representing inequalities, pick-
ing a few points from key regions of the graph, and testing to see
whether values corresponding to these points make the inequality
true—is an extremely useful way to identify the correct solution set
and avoid making the common error of forgetting to reverse the
inequality sign when multiplying or dividing by a negative number.
Moreover, by working with graphical solutions to inequalities, we
reinforce the important idea that shaded points on the graph of an
inequality are the ordered pairs that make the inequality true.

Another interesting approach to Reflect 1.17 might be to
compare graphical representations of the equalities -3x < 12 and
3x 2 -12. In keeping with our earlier discussion of reflections of
number lines, the graphical representation of 3x > -12 is a reflec-
tion across the vertical axis of the graphical representation of the
inequality -3x < 12.
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Representing and Analyzing Functions:
Big Idea 4

Big Idea 4. Functions provide a means for describing and under-
standing relationships between variables. They can have multiple
representations—in algebraic symbols, situations, graphs, verbal de-
scriptions, tables, and so on—and they can be classified into
different families with similar patterns of change.

In our discussion of Big Idea 3, we described a function as a rela-
tionship between varying quantities. In this section, we develop this
idea further. A function is a relationship between an input (or inde-
pendent variable) and an output (or dependent variable), with exactly
one output for each input. The set of values for the input of a func-
tion is called its domain, and the set of all possible output values is
its range. We can view a function f as an assignment of each input x
from the domain to exactly one output f(x) in the range.

Most functions that students encounter in grades 6-8 can be
described by expressions and have domains that are subsets of the
real numbers. For example, the function f(x) = 5x - 3 (which we of-
ten write as y = 5x - 3) is described by an algebraic expression and
has the real numbers as its domain. We obtain an output for this
function by multiplying an input by 5 and subtracting 3. The nota-
tion f(x) = 5x - 3 indicates that we can evaluate the function for
values in the domain by substituting those values into the expres-
sion that defines the function. For instance, f(10) = 5+ 10 - 3, so
the value of f(x) when x = 10 is 47.

Using functions to model how variables change
together

Essential Understanding 4a. Functions provide a tool for describ-
ing how variables change together. Using a function in this way is
called modeling, and the function is called a model.

Functions are very useful tools for describing how variables change
together. In the function rule f(x) = 5x - 3, every unit increase in
the input x corresponds to an increase of 5 in the output f(x). For
instance, f(10) = 47, and f(11) = 52. When we analyze the way in
which one variable changes as the other changes, we can develop
an understanding of the pattern of change of the function. As we
will discuss in more detail later, different patterns of change provide
a way for us to classify functions into families on the basis of the
kinds of mathematical and real-world situations that they can model
(Essential Understanding 4c). For example, linear functions are
characterized by a constant additive increase or decrease; that is, for
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any unit increase in the input, the output increases (or decreases)
by a constant amount. We will focus first on the pattern of change
in linear relationships; later, we will discuss nonlinear relationships,
including those described by quadratic and exponential functions.

Linearity in multiple representations

Essential Understanding 4b. Functions can be represented in multiple
ways—in algebraic symbols, situations, graphs, verbal descriptions,
tables, and so on—and these representations, and the links among
them, are useful in analyzing patterns of change.

Equations, tables, and graphs are all representations that can assist
us in understanding patterns and relationships between variables.
Recall the situation in Reflect 1.12: Cassie and Winston, who plan
to run in the 5K run organized by the service club, run at constant
rates of 11.2 kilometers per hour (186.7 meters per minute) and 13.7
kilometers per hour (228.3 meters per minute), respectively.

We looked at the expression 186.7 « t to explore the relationship
between distance and time in Cassie’s case.

When we view such an expression as a function, we can use
various representations to explore the situation that we are mod-
eling. Graphing calculators and spreadsheets, as well as other
technologies, can help us generate and explore tables and graphs
efficiently, so that patterns in and between variables become more
apparent. In particular, in the situation in Reflect 1.12, if we let d,
represent the distance that Cassie has run after t minutes, we can
write d, = 186.7 « t to describe the relationship between the distance
d, and the number of minutes ¢ that she has run. Similarly, we can
write d, = 228.3 + f to describe the relationship between Winston’s
distance and the number of minutes that he has run. Consider
Reflect 1.18, which suggests making tables to aid in probing the
patterns of change of these two functions.

Reflect 1.18

-

Essential @
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Use a graphing calculator or spreadsheet to generate tables for the equations

d,=186.7-tand d,=2283 - t.

What important features of each of these relationships do you gain access to in

the tables?
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Describing functions by their rates of change

Essential Understanding 4c. One important way of describing func-
tions is by identifying the rate at which the variables change to-
gether. It is useful to group functions into families with similar
patterns of change because these functions, and the situations that
they model, share certain general characteristics.

The idea of rate is central to the work that we do in analyzing func-
tional situations. Describing the rate of change in a relationship—in
other words, how one variable changes with respect to the other
variable—can provide us with important information about a situa-
tion. Figure 1.24 shows a table that displays Cassie’s and Winston’s
distances from the starting line at the end of each 1-minute interval
for the first 9 minutes of the race. The values in the table indicate
that for each 1-minute increase in time, Cassie’s distance from the
starting line increases by 186.7 meters and Winston’s distance from
the starting line increases by 228.3 meters.

Time since
starting the Cassie's distance from Winston's distance from
race (min) the starting line (m) the starting line (m)
0 0 0
1 186.7 228.3
2 373.4 456.6
3 560.1 684.9
4 746.8 913.2
5 933.5 1141.5
6 1120.2 1369.8
7 1306.9 1598.1
8 1493.6 1826.4
9 1680.3 2054.7
Fig. 1.24. A table representing Cassie's and Winston's distances
over time

In both of these functions, the change in distance that relates
to a particular change in time is the same over the course of the
race. For example, over any 1-minute interval in the race, Cassie’s
distance will increase by 186.7 meters. This change is visible in
successive entries in the second column in figure 1.24. As seen in
the third column, over any 1-minute interval in the race, Winston’s
distance will increase by 228.3 meters. Similarly, over any 2-minute
interval, Cassie’s distance will increase by 373.4 meters (2 « 186.7),
and Winston’s distance will increase by 456.6 meters (2 « 228.3),
regardless of the start of the interval of time.
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In a linear relationship, the ratio of change in input to change
in output is always the same, so we say that there is a constant
rate of change between the variables (Essential Understanding 4e).
Although Cassie’s and Winston’s distances from the starting line
change at different rates, both rates of change are constant.

Graphs of linear functions are lines. The graphs in figure 1.25
illustrate how the data for Cassie’s and Winston’s distances over
time in the 5K race can be represented by segments of two lines.
Because each unit of time corresponds to a constant increase in dis-
tance, the points on the graphs lie on a line.

The graphs in figure 1.25 make clear that Cassie will never
catch up with Winston as long as they both keep running at their
respective constant rates. In a graph of a linear function, the slope
of the line represents the rate of change. A line’s slope describes
its steepness as well as its direction. In the case of Cassie’s and
Winston’s distances over time, the slopes of both lines are posi-
tive because the functions are increasing. The slope of the gray line
(modeling Winston’s distance as a function of time) is greater than
the slope of the purple line (modeling Cassie’s distance as a function
of time). Informally, we can say, “The gray line is steeper than the
purple line.”

47|
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Fig. 1.25. Graphs representing Winston's (gray) and Cassie's (purple) distances over time
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Different uses for different representations

4 Essential Understanding 4d. Some representations of a function may

be more useful than others, depending on how they are used.

In our examination of the table in figure 1.24, we noticed that over
any 1-minute interval in the race, Cassie’s distance will increase by
186.7 m, regardless of the start of the time interval. The rate

of change in the linear function d, is described by the ratio 186.7
meters to every 1 minute. This ratio is visible in the table, and it is
also apparent in the graph: for any point on the purple line of the
graph, if we move 1 unit to the right, we must also move up 186.7
units to stay on the line. Reflect 1.19 asks you to think about the
slope of the graph for Winston’s distance over time.

Reflect 1.19

What ratio is involved in the function that models Winston's distance over
time? How is this ratio related to the function rule d2 = 228.3 ¢ t?

In the case of Winston’s distance over time, we were able to see
in the table in figure 1.24 that over any 1-minute time interval, the
distance increases by 228.3 meters. So, the function rule

d,=2283 -t
describes a relationship in which the ratio of the change in distance
to the corresponding change in time is always the same (228.3 m
per min).

It is helpful to think about how the constant rate of change in a
linear function appears in different representations of the function:

e In a table, the value of one variable increases or decreases by
a constant amount as the value of the other variable increas-
es by a constant amount.

¢ In a graph, the points lie on a line, and the constant rate of
change is represented by the slope—the steepness and direc-
tion—of the line.

e The symbolic rule or expression for a linear function relating
two variables x and y can be written in the form y = mx + b,
where m is the constant rate of change and b is the value of
y when x = 0.

We have begun to explore some of the unique characteristics of
linear functions by considering several proportional relationships in
the situation of the 5K race. Linear functions can model many real-
world situations, including the following:

e The cost of buying x T-shirts at $4 per shirt (cost as a func-
tion of the number of items purchased)
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e Income earned from pledges to dance x hours in a dance-a-
thon (income as a function of the number of hours danced)

e The progress of a student running a 5K at a steady pace after
x minutes (distance as a function of elapsed time)

What characteristics do these situations have in common? Consider
Reflect 1.20 to explore this question.

Reflect 1.20

What characteristics do linear functions have in common? The situations that
we have just identified relate to three fundraisers planned by the student ser-
vice club: the T-shirt sale, the dance-a-thon, and the 5K race. What shared fea-

tures allow these three situations to be modeled by linear functions?

Linear functions—constant rates of change

Essential Understanding 4e. Linear functions have constant rates of
change.

To be modeled by a linear function, each of the situations in Reflect
1.20 must involve a rate that remains constant. In the T-shirt fund-
raiser, we have equally priced items (price per item is constant); in
the dance-a-thon, we have a fixed hourly pledge (dollars earned per
hour of dancing is constant); and in the 5K run, we have a steady
running speed (distance run per unit of time is constant). Such con-
stant rates of change are the focus of Essential Understanding 4e.
Because rate of change is central to distinguishing among types of
functions and identifying situations that can be modeled by differ-
ent families of functions, it is important that we develop this idea
further. To begin, consider the situation described in Reflect 1.21.
— —

Profit is a function of the number of T-shirts sold and is de-
termined by the income from selling »n T-shirts at $15 apiece minus
the club’s expenditures for buying and silk-screening 100 T-shirts
($500 + $250). For each T-shirt sold, the profit increases by a con-
stant amount: $15. This constant rate of change in profit ($15 for
every shirt sold) can be seen in a table of values representing the
situation, as shown in figure 1.26.

sto
(-reflecg

See Reflect 1.21
on p. 50.

+H1—= +1—> +1T—> +1— +1—= +1—

T-shirts sold (n) 0 1 2 3 4

5 6

Profit (P) -750 -735 -720 -705 -690

-675 -660

+15— +15— +15— +15— +15— +15—

Fig. 1.26. A table illustrating a constant rate of change in profit. For each shirt sold,

the profit increases by $15.
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Reflect 1.21

Consider the following situation:

In preparing for their upcoming T-shirt sale, students in the service club pur-
chased 100 T-shirts that cost $5 each and then spent $2.50 on each T-shirt for
silk-screening. The club members then decided to charge customers $15

a T-shirt. The club is hoping to make a large profit from selling this set of

100 T-shirts.

Create a table and graph to help you answer the following questions:

a. Describe in words the relationship between profit and the number of
T-shirts sold.

b. What patterns can you find in the way in which one quantity varies in
relationship to another quantity?

c. Write a rule or expression for this relationship.

The constant rate of change in this situation can also be seen
in a table with increments other than 1 in the values for 1 (for
“T-shirts sold”). For example, in the table in figure 1.27, the number
of T-shirts sold increases by 10. In this table, we can see that the
profit increases by a constant amount of $150 for each increment
of 10. In linear functions, the ratio of change in input to change
in output is always the same; the ratio “$150 to 10 T-shirts sold”
describes the rate of change. This ratio is equivalent to the ratio
$15 to 1 T-shirt sold. Reflect 1.22 provides an opportunity to con-
sider the rate of change further.

- o >

reerCt Recall that rate of change refers to how one variable changes
g g
See Reflect 1.22 with respect to the other. In a linear function, the ratio of change
on p. 51. in the input to the corresponding change in the output is constant.
So we can consider differences between any pairs of corresponding
values in the table. For example, a change in n from 20 to 60 corre-
sponds to a change in P from -$450 to $150. This data gives rise to
the ratio ($150 - (-$450)) to (60 - 20) T-shirts sold. Notice that this
ratio, $600 to 40 T-shirts sold, is equivalent to $15 to 1 T-shirt sold.
+10— +10— +10— +10— +10— +10—
T-shirts sold (n) 0 10 20 30 40 50 60
Profit (P) -750 -600 -450 -300 -150 0 150
+150 — +150 — +150 — +150 — +150 — +150—

Fig. 1.27. A table illustrating a constant rate of change between P and n, with
increments of 10 in n. For every 10 shirts sold, the profit increases by $150.
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Reflect 1.22

When examining the tables in figures 1.26 and 1.27, we used differences be-
tween consecutive values for profit (P) and the number of T-shirts sold (n) to
find the rate of change of $15 per T-shirt sold. To find the rate of change, is it
necessary to consider differences between consecutive pairs of values in the
table, or can we consider any two pairs of values?

The commonly used phrase “rise over run” refers to the ratio
rise/run. This ratio is a way of describing the ratio of the change
in the output variable to the corresponding change in the input
variable of the function—in other words, the rate of change of the
function. In the situation of the T-shirt sale, rise is the change in
the profit (P), and run is the corresponding change in the number
of T-shirts sold (n). Rise corresponds to vertical change in the graph
(change in P), in contrast to run, which corresponds to horizontal

change in the graph:
rise  change in P

run  change in n

Although slope is commonly described as “change,” it is not that
simple. The change in P has to be the change that corresponds to
the change in n. For example, using the values in the table in fig-
ure 1.27, if the change in P used to form the ratio is based on the
amount added to, say, O to yield 150 (+150), then the corresponding
change in » is the amount added to 50 to get 60 (+10, not -10). If
the change in P is the amount added to, say, 50 to get 30 (-20), then
the corresponding change in #n is the amount added to O to get -300.

Although we use the term “rise,” the “rise” is negative when
the line slopes downward (Cooney, Beckmann, and Lloyd 2010,
p. 37), and we assume the run is positive. The ratio rise/run is the
rate of change in the relationship and is the slope of the line when
the relationship is represented graphically. It provides information
about both the steepness and the direction of the line. It is impor-
tant to recognize that for any linear function, all of the rise/run
ratios are equivalent—an idea explored previously in Reflect 1.21.

Let’s revisit the idea that all of the rise-to-run ratios are equiv-
alent and constitute the rate of change of a linear function. A graph
for the profit situation appears in figure 1.28. The points in the
graph of this relationship lie on a line because increases in profit
are constant with respect to the number of T-shirts sold. The profit
increases steadily from its starting point of -$750 (when no T-shirts
have been sold) to a positive amount (once more than 50 T-shirts
have been sold).

What can we say about the rate of change by looking at the
line? In figure 1.29, we zoom in on the graph to look at the line
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Fig. 1.28. Because the rate of change in the relationship between profit and
number of shirts sold is constant, the points of the graph lie on a line.

rise (+15)

=750 >
run|(+1)

Fig. 1.29. A slope triangle representing the ratio of change in profit
to change in number of shirts sold

between the points (0, -$750) and (1, -$735). Notice that we can
form a triangle from a horizontal “run” segment (the difference
between two x-values), a vertical “rise” segment (the difference be-
tween two y-values), and a segment of the line itself. This triangle
is an example of a slope triangle. The slope triangle provides a
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graphical representation of the ratio rise/run, which is equivalent to
($15)/(1 T-shirt sold), or $15 per T-shirt sold.

The graph in figure 1.30 displays two other slope triangles.
Note that the three rise/run ratios are equivalent: 300/20 = 150/10 =
15/1. Why do we obtain ratios equivalent to 15 to 1, regardless of
which pairs of corresponding values we choose? We discussed this
question earlier in relation to Reflect 1.22. Reflect 1.23 revisits this
question, this time by using similar triangles.

s 7

(50, 0)

a
[}
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/ rise| (+150)

40, H150)/—
run (+10)

(30, -B300)

rise (+300)

=oUU

/

(10, 600
—
run (+20)

/

y

Fig. 1.30. More slope triangles with rise-to-run ratios equivalent to
$15 of profit to 1 T-shirt sold

Reflect 1.23

Consider the two triangles in figure 1.30. These two triangles are similar to each
other. (They are also similar to the slope triangle in figure 1.29, as well as to any
other slope triangle for this line.) What does it mean for triangles to be similar,
and why are these triangles similar?

Triangles are similar when their corresponding angles have the
same measure. Equivalently, corresponding sides of similar triangles
have lengths that are in the same ratio. The slope triangles are simi-
lar because their corresponding angles are congruent. (The horizontal

53]
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sides of the triangles all form the same angle with the line, and the
triangles are right triangles. So, all corresponding angles are con-
gruent.) Because any slope triangles that we draw on the line will be
similar, the corresponding sides have lengths in the same ratio—in
other words, rise/run ratios will be equal. This idea of slope triangles
provides a natural connection, again, to the idea of proportion. The
ratio of any vertical change (rise) to its corresponding horizontal
change (run) is constant in a linear relationship.

We have explored tabular and graphical representations of linear
functions in detail. It can also be very useful to have a rule or expres-
sion that describes the relationship between the variables in a situa-
tion. In the situation of the T-shirt sale, we have seen that the rate of
change in profit is $15 for every T-shirt sold. For every T-shirt sold,
the club takes in $15. This idea can be represented by the expression
15n. However, this expression does not take into account the $750
in debt incurred in purchasing and silk-screening 100 T-shirts. So we
need to include -750 in our function rule. The expression 151 - 750
captures the profit for a given number of T-shirts sold. This function
rule, P = 15n - 750, has the slope-intercept form of a linear func-
tion, y =mx + b, where m is the constant rate of change (or slope) and
b is the value of y when x = O (the y-intercept; sometimes called the
“starting point” in applied situations like that of the 5K race, where
the smallest value is zero).

Understanding the role of m and b in linear expressions is an
important part of using linear functions to model both real-world and
purely mathematical relationships. Consider the tasks in Reflect 1.24.

Reflect 1.24

In the situation of the T-shirt sale, the function rule P= 15n - 750 describes
the relationship between the profit, P, and the number of T-shirts sold, n.

a. Write a rule for a different relationship between Pand n that has a graph
with a steeper line than the graph in figure 1.28.

b. Write a rule for a different relationship between Pand n that has a graph
with a decreasing, rather than increasing, profit.

c. Write a rule for a different relationship between Pand n that has a graph
with a different y-intercept, or “starting point."

d. On a graphing calculator, create a graph to test each of the rules that you
wrote, making sure to use a window that shows the graph clearly.

All rules in which the coefficient of n is greater than 15 corre-
spond to graphs with steeper lines than the graph of P = 15n - 750.
This makes sense because coefficients greater than 15 correspond to
a line with a greater rise for every segment of run, creating a steeper
angle with respect to the horizontal axis. When the slope is 15, each
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horizontal unit change (run) corresponds to a vertical change by 15
units (rise). When the slope is greater than 15, each horizontal unit
change (run) corresponds to a vertical change by more than 15 units
(rise). Thus, the line will be steeper than a line with a slope of 15. A
function rule like P = 200 - 1007 has a graph that has a different
vertical intercept, (0, 200), and is decreasing. Each unit increase in n
corresponds to a decrease of 100 in P. This rule satisfies the require-
ments of parts (b) and (c) of Reflect 1.24.

Explorations of this sort are helpful because they focus atten-
tion on links between symbolic and graphical representations of
linear functions. Reflect 1.25 offers another opportunity of this sort.

Reflect 1.25

Enter each set of equations below into a graphing calculator. What do you ob-
serve about each set of equations and their corresponding graphs?

Set 1 Set 2 Set 3
y =.25x y=-.5x y=x-3
y =.75x y=-X y=x-1
y=X y=-1.5x y=X
y=2x y=-2x y=x+2
y=2.5x y=-3x y=x+3

Graphs corresponding to the equations in set 1 have differ-
ent slopes, all of which are positive. For graphs of equations in this
set, slope triangles with a “run” of +1 will have positive “rises,” as
shown in figure 1.31. By contrast, the equations in set 2 correspond
to graphs with negative slopes. These graphs are lines that slant
downward instead of upward from left to right as .x increases. The
lines corresponding to the equations in set 3 have the same slope,
so they are parallel to each other; however, the lines intersect the
y-axis at different places (i.e., they have different y-intercepts).
Understanding lines as functions from a holistic perspective, such as
Reflect 1.26 calls for, allows us to consider lines as objects that act
in particular ways.

Reflect 1.26

What geometric transformations of the graph of y = x, the equation corre-
sponding to the simplest linear function, are involved in constructing graphs for
each of the following linear equations?

y=3x y =-0.5x
y=x-2 y=-0.5x+4



56

Expressions, Equations, and Functions

N

-
a

/ rise|(+.75x)

v
y=/.75x run|(+1) ‘ ///'
//y= 25x // Trise (+25x)
L7 b
// run (+1
1 2

Fig. 1.31. Slope triangles for lines with differing slopes

An extended
discussion of
transformations
appears in
Developing
Essential
Understanding of
Geometry for
Teaching
Mathematics in
Grade 6-8 (Sinclair,
Pimm, and Skelin,
forthcoming).

When exploring lines as objects, we can make another
interesting connection—to transformational geometry. Reflect 1.26
invites you to look at connections between geometric transforma-
tions of lines on the coordinate plane and the different slopes and
y-intercepts in symbolic representations of linear functions.

In figure 1.32, we can see that the graph of y = x - 2 is a vertical
translation of the graph of y = x. To construct the graph of y = x - 2,
we can simply shift the graph of y = x down two units. We can also
see that multiplication of x by a positive constant greater than 1, as
in the case of y = 3x, results in a graph that is steeper than the graph
ofy=ux.

When we multiply x by a negative constant, as in y = 0.5z,
the result is a line that is reflected across the x-axis. The graph of
y = x increases as x increases, but the graph of y = -0.5x decreases
as x increases. Because 0 < 0.5 < 1, the graph of y = -0.5x is less
steep than the graph of y = x. In other words, the graph of y = -0.5x
decreases as x increases less quickly than the graph of y = x increas-
es. (Recall figure 1.31 for an illustration with slope triangles of why
this is the case.) The graph of y = -0.5x + 4 reflects the line for the
graph of y = x across the r-axis, reduces the steepness of the line,
and shifts the resulting decreasing graph in the positive (upward)
direction by four units.




The Big Ideas and Essential Understandings

y =-05x 4 y =X

N\

/ =4
e
P

Fig. 1.32. Graphs for linear equations

Functions with changing rates of change

We have explored linear functions and identified linear patterns
of change in tables, graphs, and symbolic rules. We now consider
other kinds of functions, whose rates of change are not constant.
Although these functions do not have constant rates of change as
linear functions do, they have rates of change that are predictable,
and they can be used to model real-world phenomena and math-
ematical relationships.

To begin thinking about nonlinear functions, consider Reflect
1.27, which invites you to explore several different relationships
and think about their rates of change. Making multiple representa-
tions of the relationships helps to develop an overall sense of the
underlying patterns of change (Essential Understanding 4b).

— —

As shown in the table in figure 1.33, the Painted Cube problem
involves several different patterns of change. Suppose that we use
the variable » to represent the edge length of a large cube. Consider
the functions whose outputs are the numbers of cubes painted on 3,

Essential ‘

Understanding 4b
Functions can be
represented in mul-
tiple ways—in
algebraic symbols,
situations, graphs,
verbal descriptions,
tables, and so on—
and these representa-
tions, and the links
among them, are
useful in analyzing
patterns of change.

sto
(-reflecg

See Reflect 1.27
on p. 58.
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Painted Cube Problem

Investigate what happens when different-sized cubes are constructed from unit
cubes, the surface areas of the resulting larger cubes are painted, and then each
of the larger cubes is disassembled into its original unit cubes. In each case,
how many of the 1 X 1 X 1 cubes are painted on three faces? Two faces?

One face? No face? Use tables, graphs, and symbolic rules to explore the rela-
tionships involved in this situation. (This problem is adapted from NCTM [1989,
p. 99-100]. A similar problem is investigated in Lappan, Fey, Fitzgerald, Friel,
and Phillips [2004a, pp. 71-84].)

Number of Number of Number of Number of
unit cubes unit cubes unit cubes unit cubes
Number of | with paint on | with paint on | with paint on | with paint on

Dimensions unit cubes 3 faces 2 faces 1 face 0 faces
2X2X2 8 8 0 0 0
3X3X3 27 8 12 6 1
4 X 4X4 64 8 24 24 8
5X5X5 125 8 36 54 27
6X6X6 216 8 48 96 64

Fig. 1.33. Number of painted sides in the Painted Cube problem

Quadratic functions

2, 1, or O faces. The table in figure 1.33 shows inputs (n) and out-
puts for these functions. Notice that, to make sense in this situation,
the domain of each of these functions has to be restricted to inte-
gers greater than or equal to 2. Thus, the graphs of these functions
are actually subsets of the continuous graphs shown in figure 1.34.
Drawing on information from the columns of the table (and the
shapes of graphs), we can begin to recognize that f, is constant, f,
is linear, f) is quadratic, and fo is cubic. Problems such as this one
offer opportunities for teachers and students to appreciate that a
situation can involve more than one kind of pattern or relationship,
to compare and contrast different kinds of rate of change, and to
recognize that not all functions are linear. We will now focus our
discussion on one of these types of functions—quadratic functions.

Essential Understanding 4f. Quadratic functions are characterized by
rates of change that change at a constant rate.

Situations modeled by quadratic functions are often students’ first
explicit experience with non-constant rates of change. Unlike linear
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3 faces 2 faces
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f3(n) =8 fo(n) = 12(n - 2)

1 face 0 faces

v

f1(n) = 6(n - 2)? foln) = (n-2)3

Fig. 1.34. Graphs of functions representing the number of cubes with
paint on different number of faces

functions, which have constant rates of change, quadratic functions
are characterized by rates of change that are themselves changing
at a constant rate. In other words, in a quadratic relationship, the
rate of change of the rate of change is constant. This idea is most
easily observed in a table of values.

Let’s return once more to our service club for an example.
Suppose that in the fall, after the service club decides to host a 5K
run as a fundraiser, one of the club members proposes using the 5K
race as an opportunity to emphasize sportsmanship. This student
suggests that the club ask each runner to shake hands with every
other runner before the start of the race. Some members of the club
like this idea, but others think that so many handshakes could be
time-consuming and create a chaotic atmosphere at the starting
line. To decide the issue, a club member proposes that the club try
to estimate how many handshakes would occur, supposing that 50
runners enter the race. The total number of handshakes depends on,
or is a function of, the number of runners in the race. Figure 1.35
presents a table that displays the number of handshakes for 2-7
runners. Reflect 1.28 encourages you to analyze this function.

59
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Number of runners 2 3 4 5 6 7

Number of handshakes 1 3 6 10 | 15 | 21

Fig. 1.35. The relationship between the number of runners and the
number of handshakes

Reflect 1.28

Consider the table in figure 1.35. If there are only 2 runners, just 1 handshake
will occur. If there are 3 runners, 3 handshakes will occur. If there are 4 runners,
how many handshakes will occur? If there are 50 runners (the club's estimate),
how many handshakes will occur? (This problem is a variation of the widely
known Handshake Problem.)

We can understand the pattern of change in this function by
looking at the first differences and second differences in the data
displayed in the table in figure 1.35. As the number of runners in-
creases from 2 to 3, the number of handshakes increases by 2. As
the number of runners increases from 3 to 4, the number of hand-
shakes increases by 3. These increases, or first differences, are dis-
played in figure 1.36.

Number of runners 2 3 4 5 6 7

Number of handshakes 1 3 6 10 15 21

t2—> 43— +4—> +5—> 16—

Fig. 1.36. First differences in the relationship between runners and
handshakes

In contrast to the first differences in the examples of linear
functions that we discussed earlier (for instance, see the example
in fig. 1.26), the first differences in this function are not constant.
What pattern of change is exhibited in the first differences? As
shown in figure 1.37, the second differences (in other words, the
differences that show the change in the change) are constant. A
nonzero constant second difference is characteristic of quadratic

functions.
Number of runners 2 3 4 5 6 7
Number of handshakes 1 3 6 10 15 21

t2—> 43— +4—> 45— 46—

11— +1—=  +1— +1—

Fig. 1.37. Constant second differences in the relationship between
runners and handshakes
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The students in the service club are hoping to determine the
number of handshakes that will occur if 50 runners enter the 5K
race. After developing a table of values like the one in figure 1.35,
the service club members could develop an expression for the
number of handshakes completed by # runners in different ways.
Suppose that they develop the following expressions

n(nz—l) and %(n’ —n).

Reflect 1.29 probes the reasoning that the students might have used
in generating each of these expressions for the number of hand-
shakes to be exchanged by the runners before the 5K race.

Reflect 1.29

61

What might have been the service club members' reasoning in developing the

expressions

@ and %(n2 —n)

for the number of handshakes to be exchanged before the 5K race? Are the ex-

pressions equivalent?

To develop the expression n(n - 1)/2, a student might have
thought about each of the n runners shaking hands with each of
the n - 1 other runners (since each runner does not shake his or her
own hand), for a total of n(n — 1) handshakes. This method counts
each handshake twice (for example, it redundantly counts runner A
shaking hands with runner B and runner B shaking hands with run-
ner A as two separate handshakes), so the student needs to divide
the expression by 2.

To develop the expression 1/2(n? - n), a student might figure
out that n runners will complete n?> handshakes. She might then
decide that since the runners don’t shake their own hands, however,
there will be n fewer than n? handshakes: n? - n. She then might see
that this method counts each handshake twice, so she needs to mul-
tiply the expression by 1/2.

When n = 50 is substituted into either of the expressions above,
we find that the number of handshakes that occur among a group
of 50 runners is 1225. That is a lot of handshakes! As discussed
previously (in our discussion of Big Idea 1), just because the two
expressions produce the same result for n = 50 does not mean that
they are equivalent. However, when we apply the distributive prop-
erty to the first expression, n(n - 1)/2 yields (n? - n)/2, an expres-
sion that is equivalent to the second expression, 1/2(n? - n). Both of
these expressions are equivalent to 1/2(n?) - 1/2n. These ideas are
based on transformations covered in Essential Understanding 1c.

°
Big Idea 1 é
Expressions are
foundational for
algebra; they serve
as building blocks for

work with equations
and functions.

Essential 6

Understanding 1c
A relatively small
number of symbolic
transformations
can be applied to
expressions to

yield equivalent
expressions.
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This handshake situation can be represented by the graph in
figure 1.38a. In the particular context that we have been consider-
ing, only values of n (number of runners) that are integers greater
than or equal to 2 make sense. However, the graph of the handshake
relationship is part of the graph corresponding to h = 1/2(n?) - 1/2n,
shown in figure 1.38b. The second graph is a symmetric, almost
U-shaped curve.

| —
——

Number of Handshakes

v
-~
v

I'Number of Runners - -~

(a) (b)

Fig. 1.38. Discrete points (a) and the parabolic graph (b) corresponding to h = 1/2(n?) -
1/2n, the number of handshakes as a function of the number of runners

The graph of any function with a rule of the type f(x) = ax? +
bx + ¢, for nonzero a, has the general shape of the graph in figure
1.38b and is called a parabola. Parabolas are useful for modeling
many real-world situations, including those that involve the height
of a projectile over time. Reflect 2.3 explores a situation of this type
later.

Exponential functions

Essential Understanding 4g. In exponential growth, the rate of
change increases over the domain, but in exponential decay, the rate
of change decreases over the domain.

Exponential functions model various real-world situations in which
amounts increase or decrease at a rate proportional to the amount
present. Population growth over time and depreciation in value over
time are both examples of exponential functions. Like quadratic
functions, exponential functions have a rate of change that is not
constant (as in linear functions) but changes. In exponential growth,
the rate of change increases over time, but in exponential decay, the
rate of change decreases over time.

Let’s move to a situation outside the fundraising context
and consider a problem situation that is common in middle school
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curriculum program, namely, the growth of different plants. (See, for
example, the unit “Growth” in Mathematics in Context [Roodhardt et
al. 1998].) Suppose that the height of plant A in millimeters can be
described by h(f) = 10 + 12¢, where t is time in weeks, and the height
of plant B can be described by ¢(t) = 10 « (2)". The plants’ heights
over several weeks appear in the tables in figure 1.39.

Plant A Plant B
t h(?) t 9(1)
0 10 0 10
1 22 1 20
2 34 2 40
3 46 3 80
4 58 4 160
5 70 5 320

Fig. 1.39. Tables representing plant heights (approximate) over time

We have already explored the first type of function, a linear
function, in which the rate of change is constant. As each week
passes, the height of plant A increases by 12 millimeters. We can
express this change by describing one value of the function in terms
of the preceding value. If we move from the first term (10) to the
second term (22), we can express the relationship as 10 + 12 = 22.
Similarly, we can move from the second to the third term with 22 +
12 = 34. This type of relationship is called recursion because we
rely on knowing one value to find the next value. We can write the
following to express the growth of plant A recursively: h(t + 1) =
h(1) + 12. Expressing the plant’s growth in this way helps to draw
attention to the constant rate of change in the function, which is
also displayed in the graph in figure 1.40. Reflect 1.30 focuses on
the nature of the growth of plant B.

Reflect 1.30

What pattern of change is involved with the growth of plant B? Try to develop a

recursive way to express the growth of plant B.

The function describing plant B’s growth over time is nonlin-
ear and has a unique pattern of change. As each week passes, the
height of the plant doubles. This nonlinear function is called expo-
nential because the variable f appears only in the exponent of the
rule for the height. In exponential functions involving time,
the value of the output variable at time ¢ + 1 can be calculated by
multiplying the value at time ¢ by a constant factor. For example,
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in the case of plant B, we can find g(5) by multiplying g(4) by the
constant factor 2:

g(5) =2+ g(4)
g(5) =2« 160
g(5) = 320

In general, g(t +1) = 2 « g(t). As shown in the table in figure
1.39, the height of plant B doubles each week. Whereas the first dif-
ferences in plant A’s heights in the table are constant (+12), the first
differences in plant B’s heights (+10, +20, +40, ...) are constantly
increasing (by a factor of 2). Plant B’s rate of growth becomes faster
as time passes.

The graphs in figure 1.40 illustrate the contrast in appearance
between a graph of a linear function and a graph of an exponential
function. The graph corresponding to the exponential function ¢(t) =
10 + (2)" is a smooth curve that lies completely above the horizontal
axis. Because the rate of change increases over time, the graph is
not a line but an increasing curve. To explore the pattern of change
in exponential functions further, consider Reflect 1.31.

Height (mm)

/

g(f)= 10 - (2)*

20 *
6o //
o9 7
/ | [h510+n2t
]
2 4 b

Time (weeks)

Fig. 1.40. Graphs representing plant heights over time

Reflect 1.31

Suppose that 32 teams enter an elimination soccer tournament. Consider the
exponential function, k(t) = 32 « ('/,)* describing the number of teams that
remain in the tournament after t rounds. What is the pattern of change in this
function?
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Like the function g, which we used to describe the height of
plant B at the end of f weeks, the function k, which describes the
number of teams remaining in the tournament after ¢ rounds, is
exponential. At the beginning of the tournament, 32 teams are par-
ticipating. After teams compete in the first round of the tournament,
only half of the teams remain. In other words, the initial number of
teams is multiplied by 1/2, leaving 16 teams to compete in the second
round of the tournament. In general, we can say k(t + 1) = 1/2 « k(t).
After four rounds, two teams will compete to determine the winning
team in round 5. This pattern of exponential decay appears in the
table in figure 1.41.

t k(t)
0 32
1 16
2 8
3 4
4 2
5 1

Fig. 1.41. The pattern of exponential decay in the soccer tournament
situation

The exponential decay in the tournament situation is illustrated
in the graph in figure 1.42. Whereas the plant function g(t) = 10 »
(2)" models a rate of growth that becomes faster as time passes, the
tournament function k(t) = 32 + (1/2)" models a rate of decay that
becomes slower over time. Notice that, in the soccer tournament
situation, it does not make sense to analyze the function beyond
t = 5, because at the end of the fifth round, there is a winning team.
If we consider the function k(t) = 32 « (1/2)" more generally, as a
function over the real numbers, we can see that as t increases, the
function decreases, and its graph is closer and closer to the hori-
zontal axis as we look at it from left to right, but it never touches
the axis. In other words, like all exponential functions of the form
flx) = ab* where a and b are real numbers and b > 0, the graph of
the function k(f) = 32 « (1/2)" has an asymptote (a line that the graph
approaches but never intersects) at the horizontal axis. This makes
sense because there is no value for t that would make the function
expression 32 « (1/2)" equal to zero.
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30

Number of Teams

Rounds

Fig. 1.42. A graph showing exponential decay in the soccer
tournament situation
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Solving Equations: Big Idea 5

Big Idea 5. General algorithms exist for solving many kinds of
equations; these algorithms are broadly applicable for solving a
wide range of similar equations. However, for some problems or
situations, alternatives to these general algorithms may be more
elegant, efficient, or informative.

In our discussion of Big Idea 4, we explored symbolic, graphical,
and tabular representations of functions in a variety of situations.
In some of these situations, we were interested in determining the
output value for a function for a given input value (or the input
value for a given output). Similarly, in our earlier discussion in Big
Idea 3, our investigation of a hypothetical situation led us to an
equation to solve. We supposed that students in a school service
club were considering joining one of two national service clubs,
Kids Help and United Service, and we discovered that the students
could solve the equation 10x + 20 = 5x + 50 to determine when
membership in each service club might be a better deal. Solving
algebraic equations is very useful in these kinds of situations. In
examining Big Idea 3, we established that the process of solving an
equation involves applying symbolic transformations that preserve
the equivalence of the two expressions in the equation. In examin-
ing Big Idea 5, we return to symbolic methods of equation solv-
ing and consider the different ways that both linear and quadratic
equations can be solved.

Note that in our presentation of Big Idea 5, we have deliberate
ly chosen to focus on methods for symbolic manipulation that are
not explicitly linked to a familiar context. Big Idea 5 is fundamen-
tally about the symbolic methods that we use in solving equations.
In discussing Big Idea 5, we invite you to make meaning of the
strategies that we can use to solve equations symbolically—to con-
sider whether general algorithms exist and whether alternative sym-
bolic methods exist and under what circumstances these alternative
methods might be useful or appropriate. With these goals in mind,
begin by considering Reflect 1.32, which investigates whether you
believe that there is a standard way to solve all linear equations.

Reflect 1.32
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Big Idea 3

Is there a standard method or algorithm that you use to teach students to solve
all linear equations? Do you teach students alternatives to this algorithm? Why

or why not?
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A general algorithm for solving linear equations

Essential Understanding 5a. A general algorithm exists for solving
linear equations. This algorithm is broadly applicable and
reasonably efficient.

A general and quite useful algorithm exists for solving linear equa-
tions. Stated in its most general form, the algorithm consists of the
steps shown in figure 1.43, although it may not be necessary to use
all steps for all linear equations. This algorithm is widely taught in
the United States.

Equation to solve: Ax+2) +4x+7=52x-1)+4-x

1. Apply distributive property
to one or both expressions
to clear parentheses: 3X+6+4x+7=10x-5+4-x

2. Collect like variable terms
and constants in each
expression: 7X+13=9x-1

3. Isolate variable terms on
one side of the equation and
constant terms on the other
side: -2x=-14

4. Divide both sides by the
coefficient of the variable
term to arrive at the
equation's solution: x=17

Fig. 1.43. Steps in the general algorithm for solving linear equations

First, we apply the distributive property to either or both ex-
pressions. Informally, this application of the distributive property
has the effect of clearing, or eliminating, the parentheses. More
substantively, distributing first makes it easier to identify like vari-
able and constant terms, in anticipation of the second step of the
algorithm.

Second, we collect like variables and constants in each expres-
sion. Mathematically, collecting like terms involves combining like
variable and constant terms in each expression by using the dis-
tributive property and perhaps the associative and commutative
properties. In the example in figure 1.43, 3x and 4x are like terms in
the expression on the left side of the equation and can be combined
by applying the distributive property: 3x + 4x is (3 + 4)x, or 7x.

Third, using the properties of equality, we isolate variable terms
on one side of the equation and constant terms on the other side.
As a result of collecting like terms (step 2), we transform each ex-
pression in figure 1.43 so that it has, at most, a single variable term
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and a single constant term,; it is of the form ax + b = cx + d, where
a, b, ¢, and d are real numbers and ac is not 0. Isolating the variable
and constant terms (step 3) involves adding either -cx - b or —ax - d
to both expressions.

Finally, we divide both sides of the equation by the coefficient
of the variable term, if it is not 0. Our work in step 3 transformed
the equation to the form rx = s, so we can solve for x (step 4) by
dividing both expressions in the equation by r (or multiplying by
the reciprocal of 7).

Note that not all equations require the use of all steps in the
algorithm. For example, to solve the equation 3x + 2x + 7 = 13x + 3,
we can start the algorithm at the second step. Similarly, to solve the
equation 5x + 1 = 2x + 7, we can start the algorithm at the third step.

Introductory algebra texts around the world generally teach
an algorithm for solving linear equations. It is important to recog-
nize that nothing about the particular algorithm described above
is mathematically sacred. There is considerable variation in the
algorithms taught for solving linear equations. Some texts modify
the algorithm in figure 1.43 slightly by inserting an initial step that
calls for multiplying both expressions by a constant to clear any
fractional coefficients that may be present. Figure 1.44 shows an-
other variant that is seen in several countries; this alternative algo-
rithm is equally efficient but subtly different from the one typically
taught in the United States.

Equation to solve: 3Ax+2) +4x+7=52x-1)+4-x

1. Apply distributive property
to one or both expressions
to clear parentheses: 3X+6+4x+7=10x-5+4-x

2. To both expressions: Act as
though to add the additive
inverse of all variable terms
in one expression and
the additive inverse of all
constant terms in the other
expression: 3X+4x-10x+x=-5+4-6-7

3. Collect like variable terms
and constants in each
expression: “2x=-14

4. Divide both sides by the
coefficient of the variable
term to arrive at the
equation’s solution: x=7

Fig. 1.44. Steps in an alternate algorithm for solving linear equations

69)
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Symbolic, graphical, and numerical solution
methods

4 Essential Understanding 5b. Linear equations can be solved by sym-

bolic, graphical, and numerical methods. On some occasions and in
some contexts, one solution method may be more elegant, efficient,
or informative than another.

As the existence of multiple algorithms for solving linear equations
suggests, there are many ways to solve linear equations, including
several efficient and broadly applicable algorithms. So, although
the axioms of equality provide guidance about the operations that
can be applied to equations to preserve equivalence, these axioms
do not provide strategic guidance as to which operations might be
helpful (and in what order) in solving a given equation in a particu-
lar set of circumstances. Reflect 1.33 invites you to consider several
different solutions to a linear equation and to think about the
efficiency of each one.

Reflect 1.33

Consider the equation 3x - 8 = 8x + 12 and the three solutions below. Compare
and contrast the solution methods and evaluate the efficiency of each method.

Method A Method B Method C
3x-8 =8x+12 3x-8 =8x+12 3x-8 =8x+12
3x =8x+ 20 -5x-8 =12 3x-8-8x-12 =0
-5x =20 -5x =20 3x-8-8x =12
X =-4 X =-4 3x-8x =20
-5x =20
X =-4

Some ways of solving equations may appear to be different
from the efficient algorithm only in trivial ways, whereas other
ways may be significantly more (or less) efficient or useful. The dif-
ference between methods A and B in Reflect 1.33 might seem some-
what insignificant. In method A, 8 and then -8x are added to both
expressions; in method B, this order is reversed (-8x and then 8 are
added to both expressions). Despite this difference, one could argue
that methods A and B are equally efficient (for example, they take
the same number of steps). Method C, although a mathematically
correct and legitimate way to solve this equation, is arguably less
efficient than either of the other methods.

Of all possible strategies for solving a given equation, the strat-
egy that is most appropriate will depend on a number of factors,
possibly including the structure of the equation (including the value
of its constants and coefficients, or the position of terms within
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the equation), and the problem solver’s goals (whether efficiency

is a top priority or whether it is more important to avoid making
any mistakes, for example). Some people use the term elegant to
describe those strategies that are especially appropriate, useful, ef-
ficient, or informative in solving a given equation. (This same point
applies to equations that are not linear, but we focus only on linear
equations here.) Consider in Reflect 1.34 what it might mean for a
strategy to be most appropriate for solving a given equation.

Reflect 1.34

Consider the equation 3(x + 1) = 15. How would you solve this equation? Think
about the steps that you would take, and why you would take them. Then
compare and contrast the two strategies presented below. Which strategy is
more efficient, and why?

Standard Algorithm Alternative Strategy
3(x+1) =15 3(x+1) =15
3x+3 =15 x+1=5
3x =12 X =4
x =4

In solving the equation 3(x + 1) = 15, it may be advantageous
to divide both expressions by 3 as a first step rather than distrib-
uting, as step 1 in the algorithm commonly taught in the United
States would suggest. Arguably, this alternative solution strategy is
more efficient than the U.S. standard algorithm. Similarly, the al-
ternative solutions shown for two equations in Reflect 1.35 may be
more efficient than the U.S. standard algorithm. Take a moment to

consider why.
- -« | = StOp

It is advantageous for students to develop fluency in the use reflect
of multiple strategies for solving equations and to develop the abil- See Reflect 1.35
ity to select the most appropriate strategy for a given problem. on p. 72.

Understanding the process of equation solving includes being flex-
ible in the use of multiple equation-solving strategies.

Solving quadratic equations

Essential Understanding 5c¢. Quadratic equations can be solved by @
using graphs and tables and by applying an algorithm that involves
completing the square. This algorithm, when expressed in a more
compact form, is also known as the quadratic formula.

As we discussed for solving linear equations, there is a stan-
dard algorithm for solving quadratic equations, but there are also

7
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Reflect 1.35

What makes the alternative strategies shown below more efficient for solving
these equations?

Standard Algorithm Alternative Strategy
2+ 1) +5(x+ 1) =14 2x+ 1) +5(x+ 1) =14
2X+ 2 +5x+5 =14 7(x+1) =14
7x+7 =14 X+1=2
Ix =17 x =1
x =1
1 2 1 2
3 (x+3]+§(x+3)—8 3 (x+3)+§(x+3)—8
1 2
§x+1+—x+2=8 X+3=8
3
X+3=8 K=5
=15

several other methods for doing so, as Essential Understanding 5¢
asserts. In this section, we will explore this algorithm, which in-
volves the process known as completing the square, and its more
compact form, known as the quadratic formula. We will also ex-
plore alternative solution methods using graphs. First, take the op-
portunity offered by Reflect 1.36 to think about the methods that
you use in teaching students how to work with quadratic equations.

Reflect 1.36

How do you teach students to solve quadratic equations? Do you help them
learn multiple methods for solving quadratics? Are some methods more useful
than others?

As was true in the case of linear equations, when we solve a
quadratic equation, we are interested in finding the value(s) of the
variable for which the expressions in the equation have the same
value. Recall a problem context that we found useful in explor-
ing Big Idea 4—the number of handshakes among runners in a 5K
race. In Reflect 1.28 and 1.29, we determined that symbolically the
quadratic relationship between the number of runners (n) and the
number of handshakes (h) could be written as h = 1/2 n®> - 1/p n. If
we were interested in learning how many runners were in the race
when the total number of handshakes was 300, we could write the
quadratic equation 1/2 n* - 1/ n = 300.
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Solving this equation means finding the value(s) of n so
that 1/2 n? - 1/2 n is equal to 300. As we discussed in connection
with Big Idea 3, we can try to find these values by using tables or
graphs, by reasoning through the context, or by working symboli-
cally. As equations become increasingly complex, however, we tend
to rely more on graphical and symbolic methods for solving them.

The graphs in figure 1.45 show us two points at which the
line h = 300 intersects the curve h = 1/2 n?> - 1/ n. However, only
one of these points, (25, 300), makes sense as a solution in the
handshake context. (We cannot have a negative number of run-
ners, but it can be easier to graph the continuous function than the
function for the handshake situation. The domain of this function
is the nonnegative integers, so the point (-24, 300) does not make
sense.) Looking at the graph in figure 1.45, we can see that for an
exchange of 300 handshakes, there must be 25 runners.

\\ 3501
\ oo | b

\(-2 I 300) T (25, 300)
\ 2501
T L1 1
2001 2 n2l=1pn /

-~
A 4

>

s+ /
: / Number|of Handshakes|
| ]
q

10 20 30

4

-
Number of Runners

Fig. 1.45. Graphs of h =1 n?2 = 1/2 n (the number of handshakes as
a function of the number of runners) and h = 300 (300 handshakes)

A well-known way to solve a quadratic equation such as
1/2 n? - 1[5 n = 300 symbolically is by using what is typically re-
ferred to as the quadratic formula. The quadratic formula states

that the solution(s) x, and r, to a quadratic equation of the form
ax’ + bx + ¢ = 0, where a is not equal to 0, are the following:

_ —b++b" —4ac
a 2a
_ —b—+b’ —4ac

2a

X

X,
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We can use the quadratic formula to solve 1/2 n? - 1/2 n = 300 as
follows:

1, 1
—n —En—3OO:O

2
1 1
n=—=x, /—+600
2 4
1.1
n=—1-+2401
2 2
1.1
n=—%x—-49
2 2

Notice that these solutions correspond to the horizontal coordinates
of the two points of intersection of the graphs of figure 1.45.

The quadratic formula is rather cumbersome to remember but
is applicable to all quadratic equations. The expression under the
radical sign, b? - 4ac, is known as the discriminant. It provides
information that enables us to discern, or discriminate, the nature
of the solutions. If the value of the discriminant is O, the quadratic
equation has only one solution, and this solution is a real number.
If the discriminant is less than 0, the quadratic equation has no
real solutions. If the discriminant is positive, the quadratic equa-
tion has two real solutions. Why does the discriminant indicate the
nature of the solutions of a quadratic function? We will return to
this question later, when we have filled in some important details.
Meanwhile, figure 1.46 shows graphs of quadratic functions with
(a) one zero, (b) no real zeros, and (c) two real zeros. The zeros of a
function are the solutions of the equation that states that the output
of the function is 0.

Where does the quadratic formula come from? It is helpful to
answer this question by first considering a quadratic equation of the
form x? = 4. Recall from our discussion of Big Idea 3 that we solve
equations symbolically by applying symbolic transformations that
preserve the equivalence of the two expressions in the equation. We
discussed some of these symbolic transformations, including the ad-
dition property of equality (which holds that we can add a constant
to both expressions) and the multiplication property of equality
(which holds that we can multiply both expressions by a constant).
When we work with quadratic equations, we can use another sym-
bolic transformation that ensures the equivalence of the two new
expressions—taking the principal square root of each expression.

In our earlier discussion of transformations that preserve the
equivalence of two expressions, we focused on properties of op-
erations such as the distributive and the commutative properties.
Square roots provide us with another powerful kind of symbolic
transformation, in which we apply to each expression a relation
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c. Two real zeros (discriminant is positive)

Fig. 1.46. Graphs of quadratic functions with (a) one zero, (b) no real zeros, and

(c) two real zeros

that is not a function. It is important to be aware of possible unex-
pected consequences when we apply a relation that is not a function
to equivalent expressions.

The square root of a number x is defined as any number r such
that 72 = x. All positive real numbers have two square roots; for
example, the square roots of 4 are 2 and -2. Generally, when we
write /4 we are referring to the principal square root of 4, which is
the nonnegative square root; the principal square root of 4 is 2. But
when we apply the symbolic transformation of taking the square
root of each expression in an equation, we are working with square
roots more broadly and not merely with the principal square root.
When we take the square root of both expressions in the case of our
quadratic equation x? = 4, because \/x_’ is | x |, we obtain

Chapter 2 discusses
taking the logarithm
of both expressions
in an equation.

This transformation
involves applying

a function on both
sides of the equals
sign but introduces
other challenges.
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Vo =a
lx|=2
xr=12.

Taking the square root of both expressions in a quadratic equa-
tion is a very useful transformation. If we can use other symbolic
transformations to rewrite a quadratic equation in the form x? = c,
then we can easily arrive at the solution by taking the square root
of each expression. For example, given the quadratic equation
(xr + 4)? = 25, we can take the square root of both expressions:

(r+4)> =25
J(x+4a) =+/25
|xr+4|=5

r+4=5sox=1
xr+4=-5s0x=-9
Consider the quadratic equation x*> + 2x = 8. The expression
X2 + 2x is very similar to the expression x? + 2x + 1, which we can
rewrite as (r + 1)% To transform x> + 2x into x> + 2x + 1, we can
add 1 to both expressions by the addition property of equality:

rP»+2r+1=8+1

We can then rewrite the quadratic equation and solve it as follows:

(r+1)?=9
\/(x+1)2:\/§
|lxr+1]=3

r+1=3,s0xr=2
r+1=-3,s0xr=-4

This algorithm, in which we apply symbolic transformations to
a quadratic equation so that we can rewrite it in the form x? = ¢ and
then solve by taking the square root of both expressions, involves
completing the square. Reflect 1.37 invites you to consider a geo-
metric interpretation of completing the square.
-5 5 >

We can represent the quadratic
equation x* + 2x = 8 geometrically,
by starting with a square with a
side length of x, as shown in figure
1.47. The area of that square is 1%

The next term in the equation,
2x, is equivalent to x + x. We can
view this term as the sum of the ar- X
eas of two rectangular regions such
as those shown in figure 1.48. Each

Fig. 1.47. A square with an
area of x?
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Reflect 1.37

In your instruction, you might use rectangles like those shown below to guide
your students through the process of completing the square.

Think about such rectangles and their meaning in the process of completing the
square in the case of the quadratic equation just discussed: x? + 2x = 8.

of these rectangles has dimensions 1 by x and therefore has an area
of x square units.

What do we need to add to the figure so that we can complete
the square? The missing region from figure 1.48 is a 1-by-1 square
with an area of 1. Figure 1.49 shows a square with side lengths of
x + 1 units, whose area is x> + 2x + 1.

The additive identity property ensures that x* + 2x is equivalent
toxX’ +2xr+ 1+ (-1)orx”+2xr +1- 1. We can now think of
X2+ 2x as (x +1)2 - 1. To solve x? + 2x = 8, we can proceed as

follows:
X +2r =8
(r+1?2-1=8
(r+1)* =9
1 X 1 X 1
X X2 X X X2 X
X 1 X 1
Fig. 1.48. The addition of two Fig. 1.49. A square with an
rectangular regions area of

representing 2x X2 4+ 2x + 1
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As shown above, we can take the square root of each expression to
obtain | xr+ 1 |=3,s0xr=-4 and x = 2.

Completing the square is a broadly applicable algorithm that
yields the solution for all quadratic equations. Figure 1.50 shows
the completing the square algorithm for solving the quadratic equa-
tion 3x% + 6x - 4 = 0 and for the more general quadratic equation
ax’ + bx + ¢ = 0. Note that applying the completing the square algo-
rithm to the general quadratic equation ax? + bx + ¢ = 0 yields the
quadratic formula.

We can now answer the question posed earlier about why the
value of the discriminant b - 4ac tells us the nature of the zeros of
a quadratic function (see figure 1.46). In the process of completing
the square to solve the general quadratic equation ax? + bx + ¢ =0
(see the right-hand column in figure 1.50), we developed the fol-

lowing equation:
( b ]z ( b - 4ac]
r+—| = ——
2a 4a

Notice that the discriminant is the numerator of the expression on
the right side of this equation. Let’s look more closely at this step to
investigate the role of the discriminant in determining the nature of
the solution(s).

The square of any real number is nonnegative. Assuming that
a is not equal to O (if a were 0, then ax? + bx + ¢ = 0 would not be a
quadratic equation but simply bx + ¢ = 0), we know that a?> and 44>
are positive. So a way to interpret the equation above is

b 2
(x+ ﬂ] = discriminant + a positive number.

If the discriminant equals 0, then this equation becomes

2
(x+£] =0,
2a

in which case the equation has only one solution,

b
r=——.
2a

If the discriminant is negative, we are left with
b 2
(x+2—] = a negative number
a

because a negative number divided by a positive number is a nega-
tive number. There are no real numbers that when squared yield a
negative number, so there are no real solutions when the discrimi-
nant is negative. Finally, when the discriminant is positive,

b 2
(x+2—j = a positive number,
a
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Fig. 1.50. Solving quadratic equations by completing the square

meaning that

X+ —
2a

can be the positive or the negative square root of

b* —4ac
4a’

’

or

2
e —bi b* —4ac )
2a 2a
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Conclusion

In this chapter, we have developed five big ideas, with associated
essential understandings, which are central to teachers’ understand-
ing of expressions, equations, and functions. You may find it useful
at this point to revisit the list of essential understandings at the be-
ginning of chapter 1 and consider the ways in which your views of
algebra have changed. Reflect 1.38 offers you this opportunity.

Reflect 1.38

Read the list of big ideas and essential understandings presented at the begin-
ning of this chapter. Try to identify some specific ways in which your under-
standing has changed, even if those changes seem subtle. What surprises, if
any, have you had about your knowledge of the mathematics that you teach?
As you think about changes in your understanding, also consider (and discuss
with colleagues, if possible) how your new knowledge will affect your teaching
of algebra.

°
é Big Idea 1

Expressions.
Expressions are
foundational for
algebra; they serve
as building blocks for
work with equations
and functions.

Algebraic ideas are tremendously challenging for both students
and teachers. Perhaps for many years you have taught a method
for completing the square without being quite sure why the method
makes sense or why it is valuable. Or perhaps you have always
taught the idea of slope with an emphasis on the formula “change
in y over change in x,” and now you have a better sense of what
this ratio means with respect to the relationship between variables
in a linear function. Or maybe you are a beginning teacher and are
realizing that the way you learned about solving linear equations as
a student is not as meaningful as it could be. These are all examples
of changes in understanding that have the potential to contribute to
changes in classroom instruction.

The ideas that we have developed in this chapter are intended
to improve teachers’ ability to support students’ learning about
algebra in grades 6-8. The particular essential understandings that
we have explored provide a basis for classroom instruction that
supports the recommendations in Principles and Standards for
School Mathematics (National Council of Teachers of Mathematics
2000). Figure 1.51 displays the expectations that compose the
Algebra Standard for all students in grades 6-8. In chapter 1, we
have developed mathematical ideas that support instruction about
all of the elements in this list of expectations.

A grasp of the big ideas and essential understandings in this
book will also enhance teachers’ abilities to enact state or dis-
trict curriculum standards. For example, your state may have re-
cently adopted the Common Core State Standards (CCSSI 2010).
The Standards for Mathematical Content outlined for grades 6-8
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Algebra Standard

Expectations
In grades 6-8 all students should—

Understand patterns, rela-
tions, and functions

e represent, analyze, and generalize a variety of patterns
with tables, graphs, words, and, when possible, symbolic
rules;

e relate and compare different forms of representation for
a relationship;

e identify functions as linear or nonlinear and contrast
their properties from tables, graphs, or equations.

Represent and analyze
mathematical situations and
structures using algebraic
symbols

e develop an initial conceptual understanding of different
uses of variables;

e explore relationships between symbolic expressions
and graphs of lines, paying particular attention to the
meaning of intercept and slope;

e use symbolic algebra to represent situations and to
solve problems, especially those that involve linear
relationships;

e recognize and generate equivalent forms for simple
algebraic expressions and solve linear equations

Use mathematical models
to represent and understand
quantitative relationships

* model and solve contextualized problems using various
representations, such as graphs, tables, and equations.

Analyze change in various
contexts

e use graphs to analyze the nature of changes in quantities
in linear relationships.

Fig. 1.51. Algebra Standard and Expectations for grades 6-8 from Principles and Standards for
School Mathematics (NCTM 2000, p. 222)

have their basis in many of the ideas that we have developed in
this chapter. For instance, the grade 6 standard related to expres-
sions and equations (6.EE) calls for students to be able to do the

following:

e Apply and extend previous understandings of arithmetic to

algebraic expressions

e Reason about and solve one-variable equations and

inequalities

e Represent and analyze quantitative relationships between de-
pendent and independent variables. (CCSSI 2010, pp. 43-44)

In our discussion of Big Idea 1 (Expressions) and Big Idea 2
(Variables), we explored ideas related to the first element, which
calls for a transfer of understanding from arithmetic to algebra. Our
elaboration of Big Idea 3 (Equality) and Big Idea 5 (Solving equa-

[ ]
Big Idea 2 &

Variables.

Variables are tools for
expressing math-
ematical ideas clearly
and concisely. They
have many different
meanings, depend-
ing on context and
purpose.
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e
Equality.

The equals sign indi-
cates that two expres-
sions are equivalent.
It can also be used in
defining or naming a
single expression or

function rule.
e

Representing and
analyzing functions.
Functions provide a
means for describing
and understanding
relationships be-
tween variables. They
can have multiple
representations—in
algebraic symbols,
situations, graphs,
verbal descriptions,
tables, and so on—and
they can be classified
into different families
with similar patterns

of change.
%

Solving equations.
General algorithms
exist for solving many
kinds of equations;
these algorithms are
broadly applicable for
solving a wide range
of similar equations.
However, for some
problems or situations,
alternatives to these
general algorithms may
be more elegant,
efficient, or
informative.

Big Idea 3

Big Idea 4

Big Idea 5

Expressions, Equations, and Functions

tions) fleshed out the reasoning described in the second element,
and our treatment of Big Idea 4 (Representing and analyzing func-
tions) addressed the skills outlined in the third element.

As a final example from the Common Core State Standards,
consider the grade 8 standard related to functions (8.F), which calls
for students to know how to do the following:

e Define, evaluate, and compare functions

e Use functions to model relationships between quantities
(CCSSI 2010, p. 55)

The essential understandings associated with Big Idea 4
(Representing and analyzing functions) provide an extensive basis
for instruction in support of this standard. Our hope is that when
teachers are equipped with a deep understanding of algebra, they
will be well positioned to help students learn important mathemat-
ics in meaningful ways.



Chapter

Connections: Looking
Back and Ahead in
Learning

In chapter 1, we explored five big ideas related to teachers’ under-
standing of expressions, equations, and functions at the middle
school level. These areas of algebra are also important elements of
students’ learning in the upper elementary grades and high school.
How do the big ideas that we have developed connect to mathemat-
ics that students encounter before and after middle school? A re-
sponse to this question is the focus of chapter 2.

Connections in Grades 3-5

In grades 3-5, students work with general properties of addition and
multiplication. They begin to use variables to represent numbers in
statements of commutativity and associativity as well as to stand
for quantities in story problems. They explore a variety of patterns
and develop rudimentary ideas about functions. This work lays a
strong foundation for the ideas about expressions, equations, and
functions that students encounter in grades 6-8.

General properties of addition and multiplication

In grades 3-5, students develop and use properties of addition

and multiplication of real numbers, including the associative and
commutative properties, identity and inverse properties, and the
distributive property of multiplication over addition. Students also
develop understandings of addition and subtraction, and multiplica-
tion and division, as inverse relationships. When teachers help stu-
dents in grades 3-5 to develop an understanding of general proper-
ties of arithmetic, they are also preparing students to apply those
properties later to generate equivalent expressions, as we explored
in our discussion of symbolic transformations that preserve the
equivalence of expressions on both sides of an equals sign (Essential
Understanding 1c¢).
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Students can gain insight into the meaning of multiplication
by connecting it with the idea of the area of a rectangle and work-
ing with area models of multiplication. For example, they might
be taught that 4 X 5 can be represented with a rectangle with side
lengths of 4 and 5. Teachers recognize that this representation is
helpful for illustrating some other properties of multiplication.

In the elementary grades, teachers often ask students to use the
distributive property to compose and decompose numbers in ways
that allow the students to solve problems with understanding. For
instance, to calculate the value of 5 X 23, students discover that
it makes sense to multiply 5 X 20 and 5 X 3 and add these partial
products:

5X23=5X(20+3)=(5X20)+ (5 X 3)

In figure 2.1, the purple area represents 5 X 20. There are 5 rows of
20 purple squares. The gray area represents 5 X 3 with 5 rows of 3
gray squares. The large rectangle consists of 5 rows of 23 squares
and represents the product 5 X 23.

Fig. 2.1. A representation of 5 X 23 as (5 X 20) + (5 X 3)

This same property—the distributive property of multiplication
over addition for real numbers—allows us to reason about equiva-
lent algebraic expressions. For example, an area model of multi-
plication, like the one used above, can help us “see” that 3(3x + 2)
and 9x + 6 are equivalent expressions. In figure 2.2, the purple area
represents the product 3 X 3ux, and the gray area represents 3 X 2.

3B3r+2)=3X3r+3X2=9r+6

X X X
X X X
X X X

Fig. 2.2. A representation of 3(3x + 2) as 3 X 3x +3 X 2

Understanding the distributive property can help us in both
“putting together” and “taking apart” expressions to find equivalent
expressions (Essential Understanding 1c). Figure 2.2 illustrates both
putting together (or composing, in this case by multiplying) the fac-
tors 3 and 3x + 2 to obtain the expression 9x + 6, and taking apart
(or decomposing, by factoring) 9x + 6 into the factors 3 and 3x + 2.

As teachers in the elementary grades engage students in work-
ing with more sophisticated multiplication and division problems
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and strategies, they continue to help their students build a founda-
tion for future work with expressions involving variables. For ex-
ample, students in grades 3-5 come to understand that to calculate
the value of 25 X 23, it is insufficient to add 20 X 20 and 5 X 3.
Additional partial products are involved—nmamely, 5 X 20 and

20 X 3, the light purple and darker purple regions, respectively,

of the rectangle in figure 2.3. As we discussed in connection with
Essential Understanding 1c, this understanding provides the basis
for analyzing and determining the equivalence of algebraic expres-
sions. Reflect 2.1 invites you to consider how the multiplication of
two linear expressions is related to the product represented in figure
2.3.

Fig. 2.3. An illustration of the partial products for 25 X 23

Reflect 2.1
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How might you use algebra tiles and an area model to determine whether

(x + 3)(3x + 2) and 3x? + 6 are equivalent expressions? How does your under-

standing of the distributive property, and other general properties, come into

play as you consider this question?

Figure 2.4 shows a rectangle with height x + 3 and width
3x + 2, constructed by using algebra tiles. The area of this rectangle
is (xr + 3)(3x + 2), which is equivalent to 34? + 11x + 6, as shown in
the figure. So, (x + 3)(3x + 2) and 342 + 6 are not equivalent expres-
sions. A representation like the one in the figure can be helpful for
encouraging students to develop understanding of their work in
algebra.

Variables, expressions, and equations

When we view the properties of addition and multiplication dis-
cussed above as general properties that work for all real numbers,
we encounter variables. Letters are customarily used to represent
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33X+ 2

V'S
A 4

Fig. 2.4. Algebra tiles illustrating (x + 3)(3x + 2) is not equivalent
to3x*+6

real numbers in these general properties. Developing an understand-
ing of these properties often gives elementary students their first
exposure to variables. For example, the commutative property of
addition can be expressed as follows:

a+ b=>b+ a, for any real numbers a and b.

Students in grades 3-5 gain further experiences with variables
as they represent and solve story problems and describe patterns in
terms of symbolic expressions and equations. Consider the follow-
ing situation:

The service club is planning a soccer game (Maroon Team versus
Gray Team) to raise money. The students plan to charge $2 per tick-
et for entry to the game. If a group of friends spends $14 on tickets,
how many tickets did they purchase?

A student might use the variable # to describe the cost of buying
n tickets with the expression 2 X n. The student can then write an
equation representing the equivalence of the quantity 14 and the
quantity 2 X n as 14 = 2 X n. Another student might write the
following equation: 14/, = 2. It is important for the teacher to
recognize that these equations are equivalent (assuming that the
friends purchased at least one ticket and # is not equal to 0) and to
understand why they are equivalent.

In both of these equations, the variable n represents an un-
known quantity of tickets. Symbolically, solving either equation
demands that students have an understanding of the inverse re-
lationship between multiplication and division, a key idea in the
elementary mathematics curriculum. In the examples, variables are
used in different ways, to express different things. The need for
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teachers to help students navigate among these different uses of
variable underscores the importance of Essential Understanding 2a.

As the big ideas emphasize, expressions and equations are
powerful tools for representing and analyzing relationships. To
analyze the soccer game situation described above, it is helpful to
develop a general rule that relates the variables. If the service club
members are thinking about how much income ticket sales will gen-
erate, they might develop the following equation:

I=2 X n, where I represents income
and n represents tickets sold.

This equation describes a proportional relationship between two
variables.

Over time, as students in grades 6-8 become increasingly com-
fortable in using mathematical notation to represent their thinking,
teachers can encourage them to explore more complex relationships
between variables. For instance, suppose the club has $500 worth of
expenses for the soccer game. If n represents the number of tickets
sold, and P represents the profit for the club, the students can de-
scribe the relationship between n and P in the following equation:

P =2 X n-500

Thinking about the two variables, n and P, as related in this
way can help students to recognize that the service club would
need to sell 250 tickets to break even. This break-even point can be
seen on the graph in figure 2.5 as the point at which the profit line
crosses the horizontal axis (when P = 0). In the table of values that
the figure also shows, the break-even point appears in the row in
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300 P
200 Number of tickets
sold (n) Profit (P)
TOU 0 _500
(250, 0)

i 200 490 50 -400
100 100 -300
200. I 1 50 _200

L 200 -100
200. I 250 O
400, 300 100
ook 350 200
7P (0, 2500)

r 400 300

Fig. 2.5. A graph and a table of values representing profit from a soccer game for which
organizers sell tickets for $2 each and have $500 of expenses
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which profit is zero and the number of tickets sold is 250. This more
complex relationship, which might be examined by students in the
upper elementary grades, is very similar to the profit situation that
you explored in Reflect 1.21 and we then discussed in depth.

Patterns and functions

In the elementary grades, students explore a variety of patterns and
represent them in words, tables, graphs, and symbols. It is important
for teachers to understand the role that multiple representations
play in analyses of patterns of change. This use of different repre-
sentations is expressed in Essential Understanding 4b. Middle school
teachers who have developed this understanding can appreciate the
value of the work that elementary school students do in making
predictions about what comes next in a pattern or sequence and
developing generalizations about relationships in patterns. Consider
the growing pattern in figure 2.6.

Fig. 2.6. A pattern of tiles

Students in grades 3-5 might make sense of and figure out
how to continue the pattern by drawing or arranging tiles. They
are able to describe this pattern with words and numbers. Students
might describe the shapes as being made up of a number of unit
squares that are sums of consecutive odd numbers: 1 square, 1 + 3
squares, and 1 + 3 + 5 squares. Recognition of the pattern allows
students to identify the next element in the pattern, a shape made
up of 1 + 3 + 5 + 7 squares. Some students in grades 3-5 recognize
that by counting the number of unit squares that compose
the shape, they are determining the area of the shape. Reflect 2.2
encourages you to investigate area in this pattern.

Reflect 2.2

Represent the relationship between a shape's position in the pattern in figure
2.6 and its area by using a table, graph, and equation. Think about what essen-
tial understandings you are drawing on as you consider this pattern.

We can use a table such as that in figure 2.7 to represent the
relationship between the shape’s position in the pattern and its area.

This table draws attention to the idea that the pattern suggests a

squaring function. If n represents the position in the pattern, then
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the area for that position is #% (You may have noticed that the
unit squares that compose each shape can be rearranged to form a
square.)

Area of the shape in that position
Position in the pattern (square units)

1 1

2 4

3

4 16

5 25

6 36

Fig. 2.7. A table of values representing the areas of shapes in the
pattern in fig. 2.6

Different representations of the pattern of change in this situa-
tion are related to Essential Understanding 4b. These representations
are useful for analyzing the nature of the rate of change in this
relationship. By generating a graph on a graphing calculator, we
can see that the rate of change in this relationship is nonlinear. By
examining the table, we can see that the rate of change is changing
at a constant rate. The first differences are +3, +5, +7, +9, ..., and
the second differences are constant (+2). Constant second differ-
ences are characteristic of quadratic relationships, as we explored
in our discussion of Essential Understanding 4f. Although students
in grades 3-5 are unlikely to explore first and second differences,
they are likely to identify and articulate qualities of this pattern of
change—for example that the areas increase more and more quickly
as the sequence progresses.

The pattern of change in this quadratic relationship becomes
more apparent if we contrast it with the pattern of change in an-
other relationship. Let’s consider the relationship between a shape’s
position in the pattern in figure 2.6 and its perimeter. A table of
values is shown in figure 2.8.

As we move from one term in the pattern to the next, the perim-
eter of the shape increases by 6. In contrast to the quadratic relation-
ship of Reflect 2.2, this relationship has a constant rate of change and
is linear. The constant rate of change is also visible in a graph of this
relationship (see fig. 2.9). Students in the elementary grades will rec-
ognize that the points (position, perimeter) fall on a line.

Teachers who possess the essential understandings related to
Big Idea 4 (Representing and analyzing functions) can see the value
of experiences that students have had in grades 3-5 and can help
students build on those experiences in grades 6-8. When elemen-
tary students develop and compare graphs, tables, symbolic rules,
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Fig. 2.9. A graph representing the perimeters of shapes in the
pattern in fig. 2.6

and verbal descriptions for different relationships emerging from
the same pattern, as we have done in the example of the pattern in
figure 2.6, they have opportunities to express and generalize rela-
tionships. They are also able to begin to recognize and understand
the characteristic patterns of change for linear and nonlinear func-
tions that their mathematics experiences in middle school and high
school mathematics will develop further.

Connections in Grades 9-12

The understanding of expressions, equations, and functions that
students gain in grades 6-8 leads directly to some of the most
important work of high school mathematics—developing a robust
understanding of functions and solving increasingly complex equa-
tions. The emerging awareness that students gain in grades 6-8 of
families of functions prepares them to encounter other function
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families in high school and use their characteristics in solving prob-
lems and modeling real-world situations.

Functions

Functions are one of the most important topics in the high school
mathematics curriculum. In grades 9-12, students encounter a
wider variety of functions and extend their appreciation for both
the complexity and the power of functions. Whereas middle school
students most commonly work with linear, quadratic, and expo-
nential functions, high school students encounter a curriculum that
includes in-depth exploration of these types of functions, as well
as other families of polynomial functions, logarithmic functions,
trigonometric functions, rational functions, and inverse functions.

High school students’ understanding of function families
continues to build on exploration of multiple representations:
words, graphs, tables, and symbols. As our exploration of Essential
Understanding 4b indicated, these representations provide valuable
information about different patterns of change in relationships. At
the high school level, teachers continue to engage students in using
multiple representations to develop their understanding of a variety
of function relationships. It is valuable for teachers of mathematics
in grades 6-8 to be aware of how their students’ understanding will
continue to develop in high school mathematics courses.

For example, explorations of quadratic functions in grades 9-12
examine alternatives to the standard form, f(x) = ax? + bx + ¢, and
what these alternatives illuminate about the behavior of quadratic
functions. In particular, students in grades 9-12 discover that all
quadratic functions can also be written in vertex form: f(x) =
alx - h)? + k, where a, h, and k are constants and a is not equal
to 0. Vertex form has the advantage of providing some useful in-
formation about the graph of a quadratic function. The constant a
in the vertex form can tell us if the graph of a quadratic function,
a parabola, has a maximum or a minimum point (in other words,
whether the graph opens up or down). If a > 0, then the point (k, k)
is a minimum. If a < 0, then the point (h, k) is a maximum. In both
cases, the point (h, k) is a vertex.

When a quadratic function is expressed in the vertex form
flx)= alx - h)? + k, we can also obtain information about the x-
intercepts of the graph, if any such intercepts exist. The x-intercepts
are associated with the quadratic function’s zeros, or the x-values
for which the quadratic function has a value of 0. So, to find the
xr-intercepts, or to conclude that none exist, we can solve the equa-
tion a(xr - h)? + k = 0. The following equations are equivalent if an
r-intercept exists:

alr-h>+k=0
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(xr - h)y = -k
a

xr—h== -k
a

r=ht f_—k
a

So, the x-intercepts, if they exist, occur at

r=h= /_—k,
a

symmetrically about the vertical line that contains the vertex (h, k).
The number of x-intercepts depends on the value of -k/a. There is
one r-intercept if —k/a = 0, and thus /—k/a = 0, and no x-intercept
if —k/a is negative. Weeks (2003) provides an extended graphical
connection to complex solutions of quadratic equations. Consider
the contextual example in Reflect 2.3 to appreciate the usefulness of
the vertex form.

Reflect 2.3

Imagine that a 6-foot-tall soccer player heads a ball at a vertical velocity of 16
feet per second. The height of the ball (in feet) x seconds later can be described
by the quadratic function f(x) =-16x? + 16x + 6. What is the maximum height

that the soccer ball reaches? How much time elapses from the instant when the
ball was hit until the instant when it hits the ground?

4 Essential

Understanding 5¢
Quadratic equations
can be solved by us-

ing graphs

and tables and by ap-
plying an algorithm
that involves
completing the
square. This
algorithm, when
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quadratic formula.

It is possible to find approximate values for these points by
using tables and graphs, as students at the middle school level com-
monly would. However, if we can express the function in vertex
form, then we can also use symbolic methods to find the exact zeros
and the vertex of the quadratic. To rewrite f(x) = -16x2 + 16x + 6
in the vertex form y = a(x - h)? + k, we can “complete the square”
(using the process that we demonstrated in our discussion of
Essential Understanding 5¢). This algorithm transforms an equation
from the standard form (y = ax? + bx + ¢) into a perfect square form
like the one that appears in the vertex form.

Completing the square for the function in Reflect 2.3 yields
flx)= -16(x - 1/2)? + 10. From this equation in vertex form, we can
conclude that the maximum height of the soccer ball is 10 feet and
that it reaches this height 0.5 seconds after the player heads it. We
can also use the vertex form to determine when the ball hits the
ground. The ball will hit the ground when f(x) = 0, so we need to
solve the equation -16(x - 1/2)% + 10 = 0. To solve this equation, we
can proceed through the following equivalent equations:
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The soccer ball hits the ground approximately 1.29 seconds after it
is headed. (In this context, x = -0.29 seconds does not make sense,
because the ball cannot hit the ground before it is headed!)

Notice that by drawing on the vertex form, we obtain a good
deal of information that we can use to create a rough sketch of the
graph of this relationship. We know that (0.5, 10) is the maximum
point on the graph and that the x-intercepts are

1 5 1 5
(__ _,o] and (foj
2 8 2 8

The graph of the height of the soccer ball over time is shown in
figure 2.10.
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Fig. 2.10. The graph that describes the height of a soccer ball (in feet)
x seconds after it is headed and until it hits the ground is a portion of
the graph of the quadratic function f(x) = —=16x? + 16x + 6.

As illustrated in the examples above, as well as in the examples
that we considered in our discussion of Big Idea 4, multiple rep-
resentations and links among them are very useful for analyzing
functions (Essential Understanding 4b). When we examined linear
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functions, we illustrated the particular value of building connec-
tions between symbolic and graphical representations (see Reflects
1.24, 1.25, and 1.26). Many of the essential understandings that we
developed in connection with Big Idea 4 can provide the basis for
similar analysis of quadratic functions and other families of func-
tions—analysis that is common in grades 9-12. For example, if we
are given a rule for a quadratic function, it can be helpful to recog-
nize how its graph relates to the graph of the basic parabola for
flx) = x2. This is the focus of Reflect 2.4.

Reflect 2.4

What can you say about the graph of each function described below, on the
basis of what you know about the graph of g(x) = x??

1 1
P(x)=x*+3 P,(x) = 2x? P,(x) = " x? P(x)=- " x?

As illustrated in figure 2.11, the graph corresponding to g(x) is
a parabola with minimum point at the origin (0, 0). The graph cor-
responding to P (x) has the same shape as that corresponding to
q(x) but is shifted vertically 3 units in the positive (upward) direc-
tion. This translating effect on the graph of adding a constant to the
function expression is the same effect that we observed in the case
of linear functions (see, for example, Reflect 1.26).

\ D- P1(x]=x2+3f
\ 1 2.7) /f1'(><]=><2

(1,4) [[(2.4)

\ | +3 /
)
T ‘V/
\ /(1.1]

1
T ™

-~

A 4 b 4

Fig. 2.11. The graph of P,(x) has the same shape as that of g(x) but is
shifted vertically 3 units in the positive (upward) direction.

Figure 2.12 shows how the graph corresponding to P,(x) = 2x”
opens upward and has its minimum point at the origin, as does the
graph of g(x). Although the parabola corresponding to P,(r) might
appear to be narrower than the parabola corresponding to g(r), it is
actually a vertically scaled version of the graph of ¢q(x). For every
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nonzero input, the output of P, will be twice the output of g. This
relationship can be seen in a table of values for these functions (see
fig. 2.13). For example, ¢(1) = 1, but P,(1) = 2. The points (1, 1) on
the graph of ¢ and (1, 2) on the graph of P, are shown in figure
2.12.
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-~
v

Fig. 2.12. The graph corresponding to P,(x) is a parabola that has the
origin as its minimum point and is a vertically scaled version of the
parabola corresponding to g(x).

Like the graphs corresponding to g and P,, the graph corre-
sponding to P, opens upward and has its minimum point at the ori-
gin. However, as shown in figure 2.14, the parabola corresponding
to P,(x) is a different vertically scaled version of the parabola cor-
responding to g(x). We can see from the table in figure 2.13 that for
every nonzero input, the output of P, is one-fourth the output of g.
For example, q(2) = 4, but P,(2) = 1. The points (2, 4) on the graph
of g and (2, 1) on the graph of P, are shown in figure 2.14.

The graph corresponding to P,(x) = -1/4 x?, shown in figure
2.14, has exactly the same shape as that corresponding to P,(x) =
1/422; however, it is reflected across the r-axis. As shown in the
table in figure 2.13, for any x, P,(x) =—P,(x). This is consistent with
the results that we discussed in connection with the explorations of
linear functions in Reflect 1.25 and 1.26.

In our discussion of Big Idea 4, we observed that for a linear
function, adding a constant to a function expression results in a
vertical translation of the graph of the function and that multiply-
ing by a constant affects the slope of the graph. In Reflect 2.4, you
extended the analysis to quadratic functions and observed that a
similar vertical translation in the graph of g(x) = x? results from
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Fig. 2.14. The graph of P, is the same as the graph of P,
but is reflected across the x-axis.

PRE-, x

adding a constant, and a vertical scaling (as well as possibly a re-
flection across the xr-axis) results from multiplying by a constant.
These patterns in geometric transformations of graphs illustrate
how explorations of multiple representations of linear functions in
grades 6-8 can provide a foundation for further experiences with
quadratic functions, and other families of functions, in grades 9-12.
For another illustration of how the concepts that we explored
in connection with Big Idea 4 provide the basis for the treatment of
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functions in high school, let’s turn briefly to exponential functions.
In general, exponential relationships can be described by expres-
sions of the form a « b* where b > 0. In the relationship y =a « b*, b
is the “base” that determines the rate of increase or decrease, and

a is the y-intercept of the graph and sometimes called the “starting
point” in applied situations.

For example, in Reflect 1.30, you investigated the pattern of
change in the growth of a plant and tried to develop a recursive
way to express that growth. We then analyzed the function ¢(f) =
10 « 2" as another way to represent the height of the plant over
time. When we use this exponential function to model the plant’s
growth, our starting point is 10 millimeters (the initial height of the
plant), and the base of the function, 2, is the factor by which the
plant’s height increases each week.

In Reflect 1.31, you examined the use of another exponential
function k(t) =32 « (1/2)' to model the number of teams that remain
in an elimination soccer tournament after # rounds. When we use
the function k() to model the tournament situation, we have a dif-
ferent starting point and a different base from the ones that we
have when we use the function g(f) to model the situation of the
plant’s growth. How do the graphs of these functions compare?
Revisit figures 1.40 and 1.42 to consider this question. Then turn to
Reflect 2.5 to think more generally about how different values of b
for the base affect an exponential relationship.

Reflect 2.5

Experiment with different values of b > 0 in relationships of the form y=a - b*
You may want to work with relationships in which a = 1 (in other words, those
of the form y = b*), so that you can focus on the role of b. Note that if b= 1, the
relationship y = a « b* can be rewritten as y = q, a constant relationship.

When the base is greater than 1, as in the function g(f) that we
used to model the plant’s height over time, the relationship is increas-
ing. As t increases, g(f) increases. The larger the base, the faster the
rate of growth. So, for example, the graph corresponding to a plant’s
growth that can be described by the equation j(f) = 10 « 3" will in-
crease more quickly than the graph of g(f) (shown in figure 1.40).

If the base of an exponential relationship is between 0 and 1,
as in the example of k(f), the relationship is decreasing. The smaller
the base, the faster the rate of decrease. For example, if we compare
vy =(2/3)" and y = (1/5)%, we will find that y = (2/3)* decreases more
slowly than y = (1/5)%. Figure 2.15 shows that the graph of y = (2/3)*
decreases more slowly than the graph of y = (1/5)*.

We have now considered examples of the way that analysis
of functions in grades 9-12 builds on understanding developed in
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Fig. 2.15. Comparing the graphs corresponding to y = (2/3)* and y = (1/5)*

For a discussion of
functions for which
domain and range
are not sets of num-
bers, see Developing
Essential Under-
standing of
Functions for
Teaching
Mathematics

in Grades 9-12
(Cooney, Beckmann,
and Lloyd 2010).

grades 6-8 and relates to ideas that we explored in chapter 1. In
addition to gaining further experience with linear, quadratic, and
exponential functions, high school students work with new families
of functions, including other families of polynomial functions, loga-
rithmic functions, trigonometric functions, rational functions, and
inverse functions. When high school students encounter these new
families of functions, they bring with them their earlier experiences
in which they analyzed relationships between variables and repre-
sented relationships in multiple ways. Although most functions that
students explore in the middle grades are described by algebraic ex-
pressions, it is important for teachers to know that functions do not
always follow “rules” and cannot always be described by algebraic
expressions. The domain and range of a function do not even need
to be numbers!

Solving equations

As part of exploring a broader variety of functions, students in
grades 9-12 also need to find solutions to many different kinds of
equations. As with linear and quadratic equations such as those
that we explored in chapter 1, all equations that students face can
be solved by using a variety of representations, including graphs,
tables, and symbols. Some of the techniques used for solving linear
and quadratic equations are quite useful for solving more complex
equations, but in other instances new transformations are needed.
For example, consider exponential equations such as one
that we explored in chapter 1 as a model for plant B’s growth:
g(t) = 10 « 2. Our discussion of figures 1.39 and 1.40 illustrated how
graphs and tables can be useful in solving exponential equations.
Reflect 2.6 offers an opportunity to think about symbolic methods
for solving exponential equations.
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What symbolic methods have you taught your students for solving exponential

equations? Do you know whether an algorithm exists for solving exponential

equations, just as algorithms exist for solving linear and quadratic equations?

To answer the question in Reflect 2.6, let’s consider the expo-
nential function that described the growth of plant B, g(f) = 10 - 2.
If we are interested in determining how many weeks it would take
for plant B to grow to a height of 100 inches, we can write the
exponential equation:

10 « 2" = 100

As with other types of equations, our goal in solving this equa-
tion is to find the value of f that makes the two expressions 10 « 2!
and 100 have the same value. Many of the symbolic transforma-
tions previously identified as useful for solving linear and quadratic
equations are also useful in solving exponential equations. In this
example, if we multiply both expressions by 1/10 (by the multiplica-
tion property of equality), we transform the equation to an equiva-
lent one:

2t=10

From here, a symbolic transformation that is useful for solving
exponential equations is taking the logarithm of both sides:

log(2") = log(10)

The laws of logarithms provide a set of symbolic transformations
that preserve the equivalence of two expressions; using such laws,
we can rewrite this equation as

tlog (2) = 1,

which means that t = 1/log(2).

The more general observation is that as teachers expand the
types and complexity of equations that students work with in
grades 9-12, they also expand their students’ repertoires of sym-
bolic transformations that ensure the equivalence of expressions
on both sides of an equals sign, allowing the students to work with
increasingly challenging equations. Fundamentally, the process
of symbolically solving an equation is the same, regardless of the
complexity of the equation. We apply symbolic transformations
that ensure the equivalence of two expressions so that we can find
the value(s) of the variable that yield the same value for the two
expressions. Sometimes algorithms can be applied to solve equa-
tions, but more generally (as discussed in relation to Big Idea 5) it is
important for teachers to help students make strategic decisions in
the selection of transformations to use to arrive at solutions (if they
exist) in ways that are efficient and elegant.

[
Big Idea 5 é

General algorithms
exist for solving
many kinds of equa-
tions; these algo-
rithms are broadly
applicable for solving
a wide range of
similar equations.
However, for some
problems or situa-
tions, alternatives to
these general algo-
rithms may be more
elegant, efficient, or
informative.
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Conclusion

This chapter has described some of the roles that the five big
ideas about expressions, equations, and functions play in students’
learning in the elementary and high school grades. Understanding
the typical mathematical experiences of students, both before and
after their time in your classroom, can strengthen your grasp of the
big ideas and essential understandings and help you to support stu-
dents’ learning of algebra in the middle grades.



Chapter

Challenges: Learning,
Teaching, and Assessing

In this chapter, we discuss challenges that students encounter in
learning about expressions, equations, and functions, as well as
some implications of these challenges for instruction and assess-
ment. To do so, we draw on research about the teaching and learn-
ing of algebra.

Expressions

Algebra is often one of the first areas of school mathematics in
which students are asked to solve problems that do not necessarily
produce a single-term answer. Yet, the sense of “closure” that pro-
ducing such answers brings (Tabach and Friedlander 2008) occurs
almost exclusively when students study operations with whole
numbers, integers, and rational numbers. In this case, by closure, we
mean that students consider their work on a mathematics problem
to be finished because they obtain a single number or quantity for
their answer. In some ways, using expressions to represent a num-
ber or quantity redefines what mathematics is for students because
the focus might now be on representing a process. For example, an
answer to a problem in algebra might be 5x + 2, which students
might interpret as a lack of closure. Sometimes students might re-
duce this expression to 7 or 7x because their previous experiences
have taught them that an answer to a mathematics problem should
consist of a single term or number. Though students might feel com-
pelled to combine terms, it is not always appropriate for them to do
so. Reflect 3.1 encourages you to explore ways of handling students’
perplexity on this point.

Reflect 3.1

What are some different experiences that you might provide to students to help
them see why 5x + 2 is not the same as 7x or 77

101
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Teachers might handle students’ inappropriate combining of
terms to force closure in at least three different ways:

e By identifying like terms and focusing on combining terms
that are alike

¢ By emphasizing order of operations (e.g., if you have 5x + 2,
you must multiply before you can add, so you cannot go any
further because you do not know what you are multiplying 5
by)

¢ By substituting values into each expression (in this case,
5x + 2 and 7x) to show that they do not result in the same
value, so they are not equivalent (Tirosh, Even, and Robinson
1998)

An additional way to help students make sense of this issue is to
draw on an experientially real context. Such a context may be

an authentic life situation, a situation involving a mathemati-

cal problem, or a problem in pure mathematics. In each case, the
context should be “real for the students and should serve as a

basis on which a mathematical concept can be built” (Tabach and
Friedlander 2008, p. 223). For example, algebra tiles, which provide
an area representation for the algebraic terms (refer back to fig. 2.4),
can help students focus on x? as represented by the area of a square
with dimensions x by x, whereas x is represented by the length of a
rectangle with dimensions 1 by . For a rich and detailed example
of how contexts can be used to support students’ understanding of
the rules of symbolic manipulation (and thus avoid an inappropriate
rush to closure), see Tabach and Friedlander (2008).

In students’ early experiences with writing expressions, they
face a major shift in symbolizing. Previously, when they wrote a
two-character expression—say, 34—each character represented a
place value, Yet, when they encounter a two-character expression
such as 3ux, they discover that the x is not a digit in the ones place.
Rather, an implicit multiplication takes place between the x and the
3. Textbooks tend to make this shift in symbolizing quickly, often
without making the indicated multiplication explicit. Teachers can
continue to use 3 X x or 3 « x over a period of time to connect
these implicit meanings. As students become more familiar with this
meaning, they can be asked, “What does ‘3x’ mean?” As you ob-
serve all students becoming aware of the implicit multiplication in
this symbolization, you can revisit the meaning as needed. Reflect
3.2 provides an opportunity to consider the nature of the shift in
symbolizing that students in your classroom experience.



Challenges: Learning, Teaching, and Assessing

Reflect 3.2

Carefully look at the way in which your textbook makes the transition from
using a multiplication symbol to implicit multiplication. Does it provide any

support for students making the transition? If not, consider asking your students

questions like, "What does ‘3x"' mean?" Use these kinds of questions to see

how well students can articulate the meaning of the expressions that you are
studying. Reflect on your observations and discuss them with your colleagues.

Variables

Even after three years of algebra instruction, some students still
do not understand what letters represent in algebra (Stacey and
MacGregor 1997). They have seen letters used in many differ-

ent ways, such as p standing for page in “p. 4” or cm standing for
centimeter (or centimeters) in the standard metric abbreviation.
When students hear teachers say something like, “C is cost,” they
might think that C stands for the word cost rather than for a value.
Pointing out this algebraic meaning of a letter used as a variable
can be helpful to students. Sometimes, too, a statement such as “n
stands for nickels” supports students’ erroneous perception that a
letter stands for a word rather than a value; after all, nickel begins
with the letter n. A strategy to address this issue is to choose as
variables letters that are different from those that begin easily as-
sociated words.

Letters in algebra can also be confusing because students
have previously worked with letters in other contexts, and in
some of those, letters have represented numbers (for instance, 7).
Furthermore, students find that when letters show up in algebra,
they are used like numbers in the sense that they appear in expres-
sions and equations with operation symbols, just as numbers do.
The most significant difference between letters and numerals, how-
ever, is that “numerals represent a single number but letters can
represent, simultaneously yet individually, many different numbers”
(Wagner 1983). Consider, for example, x in x < 15.

Another common source of confusion among students is the
misperception that different letters must represent different values.
For example, given the equations 5x - 15 = 20 and 5y - 15 = 20,
students sometimes think that x and y should have different values
because they are different letters. Reflect 3.3 offers an opportunity
to consider whether you have observed confusion of this sort in
students in your classroom.

— —

If your students think that different variables must have
different values, you might illustrate that this is not the case by

See Reflect 3.3

on p. 104.

stop

refle
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Reflect 3.3

Have students in your classroom struggled with the idea that different letters
can represent the same value? If so, what are some strategies that you have used
to help students work through their confusion?

writing the same equation multiple times but with a different letter
representing the variable each time (e.g., 3x = 15, 3y = 15, 3a = 15)
and having the students solve the equation for all the differently
named variables. You can then use this set of examples to generate
a discussion with students about different variables representing the
same value.

Representations

In our discussion of Essential Understanding 4b, we emphasized that
algebraic ideas can be represented and analyzed in multiple ways—
in words, contexts, graphs, tables, and symbols. Reflect 3.4 asks

you to consider multiple representations of the idea of slope, as an
illustration of this idea.

Reflect 3.4

What are the different ways in which slope is represented in contexts, tables,
graphs, and symbols?

’ Essential

Understanding 4b
Functions can be rep-
resented in multiple
ways—in algebraic
symbols, situa-

tions, graphs, verbal
descriptions, tables,
and so on—and these
representations,

and the links among
them, are useful in
analyzing patterns of
change.

For students to understand what the slope of a line is, they
should be able to talk about it as a rate of change, express it as a
rate in real life (e.g., dollars per shirt, miles per hour), identify it as
the ratio of the change in y to the change in x in a graph, think of it
as the additive rate of change in the y-column of a table (when
x increases by 1), and recognize it as m in an equation of the form
y = mx + b. Not only do students need to know each of these as-
pects of the concept of slope, but they also should be able to coordi-
nate these meanings in relationship with one another. For instance,
students should be able to coordinate the ratio of rise to run with
the changes in the y- and x- columns of a table, as well as the
vertical and horizontal change in a graph. Which representations
of slope are predominant in mathematics instruction? This is the
question on which Reflect 3.5 focuses.

Reflect 3.5

Reflect on the experiences and tasks related to slope that you offer your stu-
dents. What representations receive the most attention? Which receive the
least? Why?
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Each individual representation offers a snapshot of a math-
ematical idea. In addition, each has its strengths and limitations
(Essential Understanding 4d). For example, although a table of val-
ues gives many individual instances of a relationship between two
variables and provides a natural bridge from studies of patterns in
elementary school, it does not provide a holistic view of how the
relationship acts over a period of time. Not only is it important to
encourage students to use particular representations at different
times and in different situations, but it is also important to allow
them to choose for themselves which representation to use and to
have them identify the strengths and limitations of the various rep-
resentations. Although each representation has its drawbacks, their
collective use can aid in avoiding the disadvantages of individual
representations and can help students build understanding of im-
portant algebraic ideas (Kaput 1992). Connections among represen-
tations are the focus of Reflect 3.6.

Reflect 3.6

105]

Essential ‘

Understanding 4d
Some representa-
tions of a function
may be more
useful than others,
depending on how
they are used.

In what ways do you prompt students to translate among representations when

you teach? Does your textbook provide opportunities to support this work? If

not, how else might you incorporate multi-representational tasks into your in-

struction?

Grounding early algebraic experiences in familiar contexts
can help students to see the relevance of algebra to everyday life.
In fact, connecting mathematical ideas to everyday contexts in this
way can be especially important for students for whom English is
not their first language (Gibbons 2009). It is often helpful to stu-
dents to use different representations together and to discuss the
strengths and limitations of each one. For example, whereas a table
provides specific points that are on the line or curve, a graph al-
lows students to see the nature of a line or curve over a broad set
of points and can help them understand, for instance, why we clas-
sify functions according to their membership in different “families”
(Essential Understanding 4c).

Current technology, including the graphing calculator, has
made the processes of exploring different relationships and making
connections among various representations increasingly efficient.
Yet, teachers must take care in allowing their students to use tech-
nology to explore and solve problems. Reflect 3.7 encourages you
to think about the role of technology in your algebra instruction.

— —

It is important to have students examine functions in multiple
windows on the calculator for a number of reasons. Sufficiently
small window settings can make a curve (for example, a graph of a

Essential ‘

Understanding 4c
One important way
of describing func-
tions is by identifying
the rate at which

the variables change
together. It is useful
to group functions
into families with
similar patterns of
change because
these functions, and
the situations that
they model, share
certain general char-
acteristics.

stop

(-reflect

See Reflect 3.7
on p. 106.



106

Expressions, Equations, and Functions

Reflect 3.7

In what ways do you use graphing calculators and other technology in your
classroom? What positive effects of using technology have you experienced in
your instruction? What issues or sources of confusion have you sometimes seen
when your students use technology to explore linear and nonlinear relationships?

quadratic relationship) appear to be linear, for instance. Or students
may scale the axes of their graphs in such a way that they misrep-
resent the actual function that the students have graphed. Even the
way in which the pixels are set can contribute to a misleading graph.
For example, if students zoom in on a graph, they may think that
it is built from “steps” instead of being smooth, because the pixels
give the graph this appearance. Exploring a range of values is also
important when students look at the table on the calculator. Because
the window of the graphing calculator allows students to look only
at some values, having students scroll up and down on the table to
get a sense of other values is important to ensuring that they do not
think that a function “quits” after the values shown on the screen.
Students have been found to have difficulties in reading graphs
qualitatively (Dugdale 1993). Interpreting graphs in a global, or ho-
listic, way is essential to students’ understanding of functions. It is
especially easy to confuse a graph of the height of an object over
time with the path of the object. As we explored in our discussion
of Reflect 2.3, in the graph of the relationship between distance and
height when someone kicks a soccer ball, the horizontal axis does
not show the horizontal location of the ball on the soccer field, as
many students might think. Rather, the x-axis shows elapsed time.
When a projectile is launched straight upward, its path of motion has
no horizontal motion at all! Thinking about graphs holistically, both
in creating them and in interpreting them, is important, although
challenging. Reflect 3.8 illustrates the challenge involved in analyz-
ing and representing relationships between variables holistically.

Reflect 3.8

Create a graph for each of the following scenarios. What are the crucial charac-
teristics to think about holistically in the creation of these graphs?

a. A woman takes a ride on a Ferris wheel.

b. A man sprints to the far end of the gym, stops and rests, and then sprints
back.

Graphs can be analyzed and explored holistically by using
Computer-Based Ranger 2 (CBR 2), a data-collection device that
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connects to graphing calculators, available from Texas Instruments.
For example, one application allows students to try to “walk the
graph.” In this application, students are given a graph of a distance-
time relationship, and they have to consider where to stand to
match the y-intercept and what distance to move from the starting
point for each second of time that passes. Although students know
what the dependent and independent variables are, this kind of
physical engagement can help them develop a better understanding
of the relationship between what is happening in a situation and
how the situation appears in the graphical representation.

Friedlander and Tabach (2001) suggest a set of activities for en-
gaging students in working with multiple representations in algebra.
They suggest that teachers first ask questions that require students
to analyze each component of a problem’s original presentation and
make some extrapolations or draw conclusions. Even when a prob-
lem does not require it, they encourage teachers to make explicit
requests for translations among representations. Finally, they sug-
gest that it is important to ask students complex and open-ended
questions. For example, students might be asked to choose their
own method of representation and solution path or to pose reflec-
tive questions. The reflective questions might require students to
describe the work that they have done and explain why it makes
sense, comment on another student’s work or strategy (either of
which the teacher could provide), write a question, or reflect on par-
ticular mathematical ideas (for example, discussing advantages and
disadvantages of particular representations).

Writing and Solving Equations

Although students come from elementary school classrooms in
which they have solved for unknowns in problems like 3 + O =

16, the shift to using a letter to represent an unknown can be con-
fusing. Moreover, when students first start using letters to write
equations, it is important to ask them to describe the relationships
that they are representing in words and to reason about the expres-
sions involved. A classic case of confusion about the use of letters
to represent unknowns involved 150 entering MIT students who
were asked to write an equation, using as variables S and P, to
represent the statement, “At this university there are six times as
many students as professors.” This relationship can be represented
by the equation 6P = S. The most common error was to reverse the
relationship by writing 6S = P, a literal translation of the statement
(Rosnick 1981). Reflect 3.9 probes how you would respond to your
students if they made this error.
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Reflect 3.9

Suppose that your students were writing an equation to express the relation-
ship between students (S) and professors (P) in the statement, “At this university
there are six times as many students as professors,” and that they produced a
literal translation of the statement by writing 6S = P.

What questions might you ask them to scaffold their understanding of the faulty
reasoning behind their incorrect equation?

Asking scaffolding questions can help students to reason
through a problem (Lochhead and Mestre 1988). For example, if as
Reflect 3.9 asks you to suppose, your students produced the incor-
rect equation 6S = P, you might ask a sequence of questions:

e “What does S stand for? What does P stand for?”
e “Are there more students or professors on campus?”

e “What if the university had just one professor? How many
students would there be?”

e “What if the university had 10 professors? How many stu-
dents would there be?”

e “What if there were 15 professors?”

The questions that we ask students can help them to make sense of
and reason through the process of writing equations.

Students also need ample opportunities to work on translating
words and contexts into symbols. One way to handle and ultimately
eliminate common mistakes is to select problems that are designed
to elicit the mistakes. For example, Narode and Lochhead (1985)
suggest asking students to use the letters F and Y to develop an
equation that can be used calculate the number of feet in a given
number of yards. This problem prompts students to express the
mathematical relationship between feet and yards by writing an
equation in which they very well may make the same mistake that
the entering MIT students made. If they write the erroneous equa-
tion 3F =Y, they will be giving a literal translation of the state-
ment, “There are three feet in a yard.” They may indeed set up the
problem incorrectly and talk about F and Y as being feet and yards.
However, by eliciting the anticipated errors, teachers can carefully
engage students in talking about them and recognizing why and
how their thinking is problematic.

Verbal descriptions typically accompany much of the math-
ematics that we do, and these descriptions in words can influence
how students learn to make sense of equations. As an example,
consider Reflect 3.10.
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Reflect 3.10

How would you read the following equation aloud?

-2x+ 8 =16

Does the way in which you read an equation aloud convey the
meaning of the equation? The equation -2x + 8 = 16 is often read
as, “Negative two x plus eight is sixteen,” but it can also be read
as, “Negative two times some number plus eight equals sixteen,” or
even as, “What number can I multiply by negative two, then add
eight, and get sixteen?” Furthermore, as we work through the pro-
cess of solving this equation, we typically explain the steps to solve
by using verbal descriptions. Reflect 3.11 invites you to think about
your own verbalizations.

Reflect 3.11

How would you verbalize the solution to -2x + 8 = 167

If you say, "What might | do solve this equation?" what mathematics are you
highlighting?

What if you ask, “What do | do to both sides of this equation to solve it?"

What if you covered up the 2x and asked, "What can | add to eight to get
sixteen?” and then asked, “So, what times negative two gives me eight?"

The first two of these verbalizations highlight the “undoing”
of the operations. The first (“What might I do to solve this equa-
tion?”) is more open-ended, whereas the second emphasizes the fact
that when we are solving an equation, the equals sign requires us
to perform the same operation on both sides to ensure equivalence.
To draw further attention to the importance of this point, a natural
follow-up question might be, “Why do I have to subtract eight from
both sides?”

The third verbalization, however, highlights the operations
that are being done in the equation, or “forward thinking.” In other
words, it emphasizes the structure of the equation and what the
equation means. Kieran and Chalouh (1993) argue that when we
engage students only in “undoing” operations (like the first verbal-
ization described), teaching “can sometimes be counterproductive to
students’ developing an understanding of (a) an equation as a bal-
anced entity and (b) the solving procedure of performing the same
operation on both sides of the equation” (p. 61).

If we focus on verbalizing the solution through the undoing of
the operations, we have different ways of expressing the solution.
Two examples follow:
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General algorithms
exist for solving
many kinds of equa-
tions; these algo-
rithms are broadly
applicable for solving
a wide range of
similar equations.
However, for some
problems or situa-
tions, alternatives to
these general algo-
rithms may be more
elegant, efficient, or
informative.

9 Essential

Understanding 5b
Linear equations
can be solved by

symbolic,
graphical, and
numerical methods.

On some occasions

and in some contexts,
one solution method
may be more

elegant, efficient,

or informative than
another.
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e “In solving this problem, I would subtract eight from both
sides first. That leaves negative two x equals eight. I would
then divide both sides by negative two and get negative four.”

e “When I solve this problem, I can start by subtracting eight
from both sides because I want to get the negative two x by
itself to solve for x. When I subtract eight from both sides,
I get negative two x plus eight minus eight equals sixteen
minus eight. Since I am subtracting the same thing from
both sides, the two sides stay equal because...”

It is important to recognize that no verbal description truly captures
everything in the mathematical representation that is under con-
sideration. For example, when we say “two x,” we are not explicitly
recognizing the implied multiplication. Because verbal descriptions
tend to accompany almost everything we do in algebra, we should
consider them carefully. In fact, there is strong evidence that when
teachers do not make explicit for themselves the characteristics of
verbal and written descriptions that they consider to be effective,
they have only a tacit understanding when they look for evidence
in assessing student work (Morgan 1998).

Another challenge of teaching equation solving is freeing stu-
dents from the belief that there is only one correct way to solve
particular sorts of equations (for example, the algorithm for solving
linear equations, which we explored in our discussion of Big Idea
5). By developing facility with only one solution process, students
gain very limited knowledge of the mathematical principles that
support the steps of the algorithm. For example, students may come
to believe that dividing both expressions in an equation by a con-
stant is allowed only in the final step (that is, when the equation is
of the form ax = b). Rather, there are many ways to solve equations,
an idea captured in Essential Understanding 5b. As Star and Rittle-
Johnson (2008; see also Rittle-Johnson and Star [2007]) have re-
ported, when students are exposed to and expected to learn multiple
methods for solving equations, they can become flexible in the use
of multiple methods and gain conceptual knowledge about impor-
tant principles related to equation solving, such as equivalence and
the axioms of equality.

Conclusion

This chapter has highlighted some issues that commonly arise
in the teaching of expressions, equations, and functions. Some of
these stem from students’ previous experiences—for example, their
work with the equals sign or in writing numbers. Others relate to
students’ understanding of the multiple representations for express-
ing the mathematical ideas with which the students are grappling.
Through careful planning and consideration, you can be prepared to
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discuss these issues and can turn them into learning opportunities
for your students. We have suggested some options, and we hope
that you continue to explore these issues, along with the big ideas
of expressions, equations, and functions, with your colleagues.
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Developing Essential Understanding

Why do some equations have one solution, others two or even more solutions, and
some no solutions? Why do we sometimes need to “switch” the direction of an
inequality symbol in solving an inequality? What could you say if a student described
a function as an equation?

How much do you know ... and how much do you need to know?

Helping your students develop a robust understanding of expressions, equations, and
functions requires that you understand this mathematics deeply. But what does that
mean?

This book focuses on essential knowledge for teachers about expressions, equations,
and functions. It is organized around five big ideas, supported by multiple smaller,
interconnected ideas—essential understandings. Taking you beyond a simple introduc-
tion to expressions, equations, and functions, the book will broaden and deepen your
mathematical understanding of one of the most challenging topics for students—and
teachers. It will help you engage your students, anticipate their perplexities, avoid
pitfalls, and dispel misconceptions. You will also learn to develop appropriate tasks,
techniques, and tools for assessing students’ understanding of the topic.

Focus on the ideas that you need to understand thoroughly to teach confidently.

Move beyond the mathematics you expect your students to Essential ®
learn. Students who fail to get a solid grounding in pivotal Understanding ba
concepts struggle in subsequent work in mathematics and related Series |
disciplines. By bringing a deeper understanding to your teaching, you can help

students who don't get it the first time by presenting the mathematics in multiple ways.

The Essential Understanding Series addresses topics in school mathematics that are critical to
the mathematical development of students but are often difficult to teach. Each book in the
series gives an overview of the topic, highlights the differences between what teachers and
students need to know, examines the big ideas and related essential understandings, recon-
siders the ideas presented in light of connections with other mathematical ideas, and
includes questions for readers' reflection.
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